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CHAPTER

APPLICATIONS OF
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DETERMINANTS
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1
]
1
If |A |# 0, then A is a non-singular matrix and if |A| = 0, then A is a singular matrix. :
The adjoint matrix of A is defined as the transpose of the matrix of co-factors of A. :
If AB=BA=1, then the matrix B is called the inverse of A. :
If a square matrix has an inverse, then it is unique. |
A~ exists if and only if A is non-singular. |
Singular matrix has no inverse. !
If A is non — singular and AB = AC, then B = C (left cancellation law). I
If A is non — singular and BA = CA then B = C (Right cancellation law). :
If A and B are any two non-singular square matrices of order , then adj (AB) = (adj B) (adj A) ,
A square matrix A is called orthogonal if AAT=ATA=1 ;

1

Two matrices A and B of same order are said to the equivalent if one can be obtained from the other !

by the applications of elementary transformations (A~B). I

R I I I

A non — zero matrix is in a row - echelon form if all zero rows occur as bottom rows of the matrix |
and if the first non — zero element in any lower row occurs to the right of the first non — zero entry |
in the higher row. !

+

+ The rank of a matrix A is defined as the order of a highest order non — vanishing minor of the matrix :
Alp(A)] :
+ The rank of a non — zero matrix is equal to the number of non — zero rows in a row — echelon form !
of the matrix. I

+ An elementary matrix is a matrix which is obtained from an identity matrix by applying only one :
elementary transformation. Every non-singular matrix can be transformed to an identity matrix by |
a sequence of elementary row operations.

+ A system of linear equations having atleast one solution is said to be consistent.
+ Asystem of linear equations having no solutions is said to be inconsistent.
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y| IMPORTANT FORMULAE TO REMEMBER N

+ Co-factorofa, is A;=(-1) i*j M,;, where M, is the minor of @,

+ For every square matrix A of order n, A (adj A) = (adj A)A=[A|,
AAT=ATA =T

+ If Ais non — Singular then

1
i A= [A] (i) (AD)'=@A"h"

(iii) (M) = — A~! where A is a non — zero scalar.

A

Reversal law for inverses :

+ (AB)!'=B"! A™! where A, B are non — singular matrices of same order.
Law of double inverse :

+ IfAis non - singular, A”! is also non — singular and (A~!)"! = A.

+ If Ais anon - singular square matrix of order 7, then

() (adi A =adi (A )= ﬁ A

(i) [adj A=A/

(i) adj (adj A)=|A]""2A

(iv) adj (M) =A"""adj (A) where A is a non — zero scalar

(v)  fadj (adj A)= A" D"

(vi) (adj A)T=adj (AT)

If a matrix contains at least one non — zero element, then p(a) > 1.

The rank of identity matrix [ is n. If A'is an m x n matrix then p(A) <min { m, n}.

A square matrix A of order # is invertible if and only if p(A) = n.

Transforming a non-singular matrix A to the form I , by applying row operations is called

Gauss — Jordan method.
Matrix — Inversion method :

+
+
+
+

+ The solution for AX = B is X = A™' B where A and B are square matrices of same order and
non — singular

Cramer’s Rule :
A, A,

+ If A= 0, Cramer’s rule cannot be applied x, = Xl X T AT R

Gaussian Elimination method :

Transform the augmented matrix of the system of linear equations into row — echelon form and then
solve by back substitution method.

Rouches capelli Theorem :
A system of equations AX = B is consistent if and if p(A) = p([A|B])

(1) If p(A) = p([AB]) = n, the number of unknowns, then the system is consistent and has a unique
solution.

(i) Ifp(A)=p(AB])=n—k, k# 0 then the system is consistent and has infinitely many solutions.

(iii) If p(A) # p([A|B]), then the system is inconsistent and has no solution.
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Homogeneous system of linear equations : 1

1
(1) If p(A) = p([A|B]) = n, then the system has a unique solution which is the trivial solution for!
trivial solution, |A| # 0

For non — trivial solution, |A| = 0.

1
1
1
1
1
1
! (i) If p(A) = p([A|B]) < n, the system has a non — trivial solution.
1
1
1
1
1
1

1 1
+ Al=z — -adj A + A=+ — -adj (adj A)
jadj A jadj Al
m ' 2 21 2
|1 !
| we getadj | =[- 2 12 =(§)
1. Find the adjoint of the following : 1 3 1 - 2
1
3 4 2 31 2 2 1], 2 2 1
(i) (i) |3 4 1|Gi) 1f_ - -
6 2 3 2 1 2 . adJ 2 1 2
372 1 -2 2] 1 =2 2
. -3 4 | .. Required adjoint matrix
Sol. (i) LetA = 6 2 . _ -
1 N 1 2 B -2 2 N -2 1
ade:(z—zx] : -2 2 12 -2
-6 -3 ! [ 21 21 2 2
[Interchange the elements in the leading: N 9 T lo2 2 - 1 2 Tl -2
diagonal and change the sign of the elements in | 21 | 2’ 9
off diagonal] 1 +‘1 2‘ ‘ 5 2‘ + 5
X _ _
2 31 ! r B
! (2+4) - (-4-2) + (4-1)]
(i) LetA=[3 4 1 ! 1
—— | —(4+2)+ (4-1) - (-4-2
o B N R Ty I e
+(4-1) —(4+2)+ (2+4
FEEECS I Ay
_ ! 6 6 3 -
7 2 B2l B 7 AR DR BT PR
31 21 23 : N s 6 e
adj A = |72/ 372[ 3 7 - :2_2
- 2 1
+3 11 12 1 |12 3 : 3 5 | o
4131 3 4 9 L _2
T 1 L
+(8-7)—(6-3) +(21-12)] -39 ! [Taking 3 common from each entry]
= —(6-7)+(4-3)-(4-9)|=| 1 1 =5 ! EE=E
+3=4)-(2-3)+(8-9) =1 U=l =o2 =2
) 1 | 1 1 2 2
, - . 2. Find the inverse (if it exists) of the following :
aj A = |3 1 | s 11 s )
9 -5 -1 | -2 4 3
. . M [ 5| G [1 5 1GE)|3 4 1
22 1 : 115 37 2
(iii) LetA=|-2 1 2 andk:§ I .
1 —
| 1 -2 2 ' Sol. (i) LetA = [1 3]
Since adj (M) =A""!(adj A) ¢ B
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3

Al =
A= |
Since A is non — singular, A~! exists
Al = ! dj
= a
E

Now, adj A = {

-3
-1

/-3
-1 - =
2| -1
511
(ii) LetA= |1 5 1
115
Expanding along R,
51
Al =5 -
15

—4
-2
[Inter change the entries in leading diagonal and
change the sign of elements in the off diagonal]

—4
—2

11
1

+1
e

15
11

Since A is non singular, A~ exists.

5
J’_

adj A -

24

|4

Taking 4 common from every entry we get,
-1
-1

6 -1
adj A=4|-1 6
-1 -1

L A=
|A|

enquiry@surabooks.com

1

»—t’_‘kh’—‘kll

4
= |4 24
-4 24

6

4| =

6

1
adj A_E 4| -1

-1

-4 24

-4

-1

-1

=6-4=2%0

525-1)-1(5-1)+1(1-5)
5024)-1(4)+1(-4)
120-4-4=120-8=112%0

L e el e e e

6 -1 -1
-1

(i) LetA =

W W N N

31
4 1
7 2
Expanding along R, we ge_t,
4 1 3.1 3 4
7 27 2‘“3 7‘
2(8-7)-3(6-3)+1(21-12)
2(1)-33)+1(9)

2-9+9 =220

Since A is a non-singular matrix, A~ exists
- AT

4 1 ‘3 1 ‘3 4
+
H 1\ \2 3\
2
NIRE
+(8—7)—(6—3)+(21—12)T 1 -3 o

=| —(6-7)+(4-3)-(14-9)| = =5
+(3-4)-(2-3)+(8-9)] L1 1 -1

Al = 2‘

-

adj A = |-

+

AW QW

Il

|
w
—_
—_

adj A

Now, A~}

I
o
&

A—l — l
2
9 -5 -1
cosaa 0 sino
01 0|, show that

—sina 0 cosa

3. fF (0) =

[F(0)]'=F(- o) [Hy - 2019; FRT - 2022; Mar - 2023]
cosa 0 sina

Sol. GiventhatF(a)=| 0 1 0
—sina 0 cosa

Expanding along R, we get,

Ph:8124201000/ 8124301000
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Chapter 1 = Applications of Matrices and Determinants 0
F(o)| = 0 +si 0! T4 If A= >3 how that A2—3A - 7L, =0
[F(e)] = cos o 0 cosof Slnoc—sinoc o , S ) » Show tha AT My T Uy
=cos o (cos — 0) + sin o (0 + sin o) : Hence find A™.
= cos? +sin> ot =10 ! : S 3
Since F (o) is a non-singular matrix, [F(ot)]™" ! Sol. Given A= -1 =2
Ic.i;(lsts. . ! A2 5 3 53 25-3 15-6
Now, adj (F(ov)) = o -1 2| -1 2| | =542 344

1 0 0 0 0 1 ! -
n _ ! 229 5
0 cosa| [sina cosa| [-sino O | B SAT=3A-T1,
0 sina | |[cosa sina | [cosa O | -
“lo . -1 . 0 i 22 9 ; 5 3 ; 1 0
cosa| |-sina cosal |-sino = - —
I -3 1 )
+0 sina| [cosa sinoc+cosoc 0 1 :22 5.7 o_ i
10 0 0 0 1 AR Ee At PO AU S
L B | —3+3+0 1+6-7 00 2
+(coso.—0) -(0) + (0+sina) !
| Hence proved.
=1 —(0) +(cos2 o + sin? oc) - (0) |
I L AT-3A-T7L,= 0
+(0-sinat)  —(0) +(cos—0) | ® |
. | Post — multiplying by A~! we get,
. T
coso. 0 +sino cosoo. 0 —sino 1 S 1 1 1
= 0 1 0 - 0 1 0 : A A7 —3AA — 712 A1=0A"
—sino. 0 cosor sinee 0 coso | 1 = AAAN-3(AAH)-7(A =0
1
1 ' A=A and (0)A=0
S Fo)! = gy Adi (Flo) : L1 © ]
[F(@) ' = AI-31-7A7=0 [-AA" =T]
| coso. 0 —sina ! Al 3[= 7A1
1 = —J1= .
[F@]' =7 0 1 0 ! o] AT
sino, < I ! = A =3 [A-31] [.. AI=A]
1
[cosow 0 —sino ! N A= 1 H > 3]_ 3[1 OH
-l o 1 o OX 7=t =2 1ol
| sinat 0 cosa | N A—lzl -3 3-0 :l 23
- . I 7\-1-0 -2-3| 7[-1 -5
cos (—at) O sin (—) I . 5 3
NOW& F(_ a‘) = 0 1 0 : '.A71 = ; [ 1 }
: -1 =5
| —sin (—ot) 0 cos (—o) :
! . -8 1 4
- . '5. IfA=—| 4 4 7|, provethat A1 =AT,
cosa,. 0 —sina : 9 | 8 4
=/ 0 1 0 () h
|sine 0 cosa ! Sol. Toprove A™! = AT
['.- coso is an even function, cos (~01) = cos o.and ! AATT = AAT
sin o is an odd function, sin (—0t) = —sino(] ! It is enough to prove AAT = T
From (1) and (2) X e 1 4
[F(o)] ™ = F (o) : | IR N I,
Hence proved. | AAT = 3 -8
1 -8 4
¢ 4 7 4
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64+1+16 -32+4+28 —-8—-8+16 T |AB| = -77+90=13 #0 = (AB) ! exists
—| 3244428 16+16+49 4-32-28| , Al = 15-14=1#0= A" exists
— _ —1 .
8-8+16 4-32+28 1+64+16] | [Bl = 2+15=13#0= B~ exists
! 1 1(-11 5
R V1 g I g I G JaB] 29 (AR (18 7] P
=—|0 8 O0F==—]0 1 00 1 O|=11
o o si oo 1)loo 1] Bl - L adi By - [ 2
L ! |B| 135 -1
Therefore A~ = A .
8 — ! A—l — L dA _1 5 _2
6. If A = { < 3} verify that A(adj A) = | T A @A g,
- 1
(adj A)A=A|1, [Sep. - 2020; Aug. - 2021] | (S 2
, 8 —4 ! -7 03
Sol. Given A = 5 3 : B L 2 3 5 o
_ 3 4 | 13{-5 =1)\-7 3
adjA = 1. o ! :i(m—m —4+9j
[Interchange the elements in the leading diagonal and : 13\-25+7 10-3
change the sign of the elements in the off diagonal] | 1(-11 5
Al = 24-20=4 ! 13118 7 -(2)
8 413 4
S Aad) A) = [ s 3}{5 8} : From (1) and (2) it is prove that
- 1
| (AB)! = BTAL
:{24—20 32—32}{4 0} ...(1)5 s 4 2
—15+15 -20+24] |0 4 ' 8. Ifadj(A)=|-3 12 -7/, findA.
1
3 48 4 I 2 0 2
i A)(A) =
(adj A) (A) [5 8}[—5 3} ! 5 4 3
1
_|24-20 -124120 14 0 (2 | Sol. Givenadj A=|-3 12 7
40-40 —20+24| |0 4 S 50 2
1
1 . .
1 0 4 0 X We know that A== — .adj (adj A) ...(1)
A, 4{0 1}2[0 4} () 1 JJadjA|
! 12 -7 -3 -7 -3 12
From (1), (2) and (3), it is proved that | ladj A|= ) +4_2 5 "‘2_2 0
e . _ . |
A (adj A) = (adj A) A=A 1, is verified. | [Expanded along R, |
_ |32 _ |1 -3 , | =2024-0)+4(-6-14)+2(0+24)
7. Ty {7 5}‘“‘1 B= { 5 z}we“fy that | = 2(24)+4(-20)+2(24)=48 80 + 48
(AB)!' =B'A". [Qy. - 2023] = 96-80=16 - (2)
3 2 13 ! Now, adj (adj A)
Sol. GivenA = [7 5} andBZ{5 2} ! M ‘12 _7‘ ‘ _7‘ ‘_3 12‘ a7
1
3 2][-1 3] [3+10 —9+47 0 2 220
AB= 7 5|5 2| |-7+25 -21+10 | _ __4 —4
1 0 2 0
7 =5 !
_ ! —4 2 -4
18 11 ! + - +
l |12 -7 =3 -7 13 12
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- *
+(24-0)—(-6-14)+(0+24) | o1
I . s e 1.
= | ~(-8-0)+(4+4)-(0-8) i 10. Find adj (adj (A)) ifadjA=| 0 2 0
1
| +(28-24)—(~14+6)+(24-12) ; ooy PO
24 20 247" [24 8 4 | Sol. GivenadjA=|0 2 0
=18 8 8| =[208 8 I -1 0 1
4 8 12 24 8 12 | (9 [0 g o 2T
L X _
6 2 1 1 0 1] |-1 -1 0
1
=415 2 2 ...(3): o 1 |1 141 o0
o |- . B
6 2 3 | Now adj(adj A) o 11121 11711 o
Substituting (2) and (3) in (1) we get, | o 1l 11 1Ll o
621 : "2 o Jo oo 2
A = i%A 52 2 : - ] .
16 ¢ 5 3 ! +(2-0)  —(©) +(0+2) 2.0 2
6 2 1 6 0 1 L= -(0)  +(1+1) =(0) [ =] 0 2 0
4 I +(0-2) —=(0)  +(2-0) 2 0 2
A=+—52 2(=+|5 2 2 ! -
4 - ! 2 0 2
6 2 3 6 2 3 !
0 2 0_‘ | adj (adj A) =|0 2 0
a ! 2.0 2
9. Ifadj(A)=| 6 2 —6/,findA™. :
1 1 t
-3 0 6] 1 11. A={ anx}showthat
[PTA - 6; FRT -2022; June & Qy. - 2023] | —tanx 1
1 .
0 -2 0 : ATA‘1={C?SZX —s1n2x]
Sol. Givenadj (A)= | 6 2 -6 ! sin2x  cos2x
-3 0 6 ! 1 tanx|
1 |SOI. A = _
We know that A = + ——— (adjA) ..(1) 1 [—tanx 1]
JladiA| l -
1 1 tan x
1 — — —
adjAl = 0+2 (% %40 ' Al = | —tany 1 |7 IHtan’x=sec’x
- 1 — 3
-3 6 1 di A 1 —tanx
1 a =
[Expanded along R,] 1 ! tan x 1
| L i
_ _ — 1 1
= 2(36—18)—2(18)—36 \ WekIlOW,Afl: ﬁAde
1
0 -2 0 ! ~ A
Al 4 L 6 2 6 : _ 12 1 —tanx — cos? x 1 —tanx
\/% 3 0 6 X sec” x| tanx 1 tan x 1
1 —
0 -2 0 1 1 sin x
X _
= +l{6 2 -6 : _cos’x| | cosx
6 | sin x
-3 0 6 ! 1
| | cosx
: 1 cos’x —cosxsinx
1 Al=
| cos xsin x cos’ x
é
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1
—tanx

1

AT =
sinx

L COSX

ATAFIZ

sin x

L cosx
l:cos2 x—sin® x

12.

N

{5
A
-1
5

Sol. Given A [_1

5
LetB= -1

1 —

tan x
1

sin x

COSXx

sin x
cos x

|

2

3

3

COS2 X

cosxsinx

—2sin xcos x
2sinxcosx cos® x—sin® x

Find the matrix A for which
14 7

7 7|
_2} =
_2} and C = [

S AB =C

7

Post multiply by B! we get
A(BB') =CB!
A =CB’!

=
5 3
Bl = -1
- B! exists
1

B‘1=® adj B =7

17l

il
e
i o
o)

13.

Given

-2

A f—
_1j -2
7 1
-1

) {_12

-1
CB!
-3
|
-3
|

14 7
7

2

—cosxsinx
cos” x

cos 2x —sin2x

sin2x  cos 2x

B

[ BBl=1]

‘=—1o+3=—7¢0

'

J

+1

—6+5
+1 -3+5

i

1

|

_2:|
and

C= [; ﬂ,ﬁnd a matrix X such that AXB =C.

L e el e e e

Sol.

14.

Sol.

1
Given A =[
2

-1l . [3 =2 _{1 1}
o’B_l 1andC—22

Also,AXB =C
Pre-multiply by A™' we get,
(ATA)XB =AC

=

XB =A"l.C. [

ATA=1]

Post Multiply by B! we get
(XB)B'=(A'CO)B'=X=A"1C)B"!

1 -
A — 1[0
..A1—|A| adJA——[_2 0

A_l
Al =],

3 2
Bl =| =3+2=5#0

-1
O‘ =0+2=2%0

2

g 11 2]
-~ B _|B| adj B=73|_, 3]
o 11 1
vedt L
212 1][2 2
_1[ 0+2 0+2]_ 1|2 2
T 2|l=2+2 —2+2| 2|0 0
11 11
_Le) |-
277100 00
~X=(A1C).B"!
[ i 1 2
1o of5[-1 3
1=l 243 _1{0 5}
- 510+0 0+0| 510 0
01 01
L]l
5 00 00
01
-.-X: 00
01 1 .
IfA=[1 0 1 ,showthatA"=E(A2—3I).
110
01 1
GivenA = |1 0 1
1 10
1 1+11 0
AL =0-1 o "hh
=-10-DH+1(1-0)=1+1=2
Al = 2#0,
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A2-

Hence A~! exists

(o 1 1l ool
+ - +
1 0 1 0 1 1
. 11 o 1] o1
adjA = |- + -
1 0 I 0 11
11 01 0 1
+ - +
oo 1 oo
[ (0-1) —(0-1) +(1-0)
= |=(0-1) +(0-1) —(0-1)
| +(1-0) —(0-1) +(0-1)
-1 1 1] [-1 1 1
= -1 1= 1 -1 1
11 -1 11 -1
-1 1 1
N BN R (1)
>
11 -1
01 1/]0 1 1
Now A2 = 0 1]|1 0 1
1 1 0|1 1 O
0+1+1 0+0+1 O0+1+0 2 11
_|0+0+1 1+0+1 1+0+0 1 2 1
0+1+0 1+0+0 1+1+0 1 1 2
2 1 1 100 -3 1=0 1-0
3=|1 2 1]-3|0 1 0=1—o 2-3 1-0
11 2 00 1] [1=0 1-0 2-3
-1 1 1
=1(A2—3I)=l 1 -1 1 ©)
5 5
1 1 -1

1
From (1) and (2), it is proved that A~ = E[A2 —-31]

15. Decrypt the received encoded message

[2 -3] [20 4] with the encryption matrix

-1 -1
[2 1:|and the decryption matrix as

its inverse, where the system of codes are
described by the numbers 1 — 26 to the letters

A — Z respectively, and the number 0 to a
blank space.

-1 -1
Sol. Let the encryption matrix be A = [ 5 1]

Al = —1+2=1+#0

1

— if 11 1o
SAT=TaTadj A = - =

[A] 2 1[—2 —1} [_2 _1]

enquiry@surabooks.com

L T T T T T T T T e I I e e e

Hence the decryption matrix is [ ! 1}
-2 -1

Coded

matrix

Decoding

. Decoded row matrix
matrix

row

(2 -3]

—[2+6 2+3]=[8 5]

o

[20 4]

=[20-8 20-4]=[12 16]

- -

So, the sequence of decoded row matrices is

[8 5],[12 16]

Now the 8" English alphabet is H.

5t English alphabet is E.

12" English alphabet is L.

and the 16™ English alphabet is P.

Thus the receiver reads the message as “HELP”.

PN EXERCISE 1.2 N

1.

Find the rank of the following matrices by

minor method:
-1 3

. i 2 _4 .s
@) 1 2} (ii) 4 -7
- 3 4
[Mar. - 2024]
1 2 -1 0
(i) 3 6 -3 1 [PTA-5]
1 -2
Giv) |2 4 ][July 2022]
15 1
0 1 2 1
) 0 2 4 3|[Aug.-2021]
18 1.0 2

. |2
Sol. (i) LetA—[_1 2}

A is a matrix of order 2 x 2
s p(A)<min (2,2)=2
The highest order of minor of A is 2

tis| 2 Y = 4-4=0

-1
So, p(A) <2
Next consider the minor of order 1 2| =

240
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=1(=4+6)+2(~2+30)+3(2-20)

— 1@ 12(28)+3(18) The last equivalent matrix is in row echelon form

it has two non-zero rows

0 WY Sura’s = Xl Std - Mathematics = Volume |
o) =1 r 02 o
-1 3 1
(i) LetA =| 4 _7 : Also,g ?) 2 =0+0-8 4 3‘
3 4 : [Expanded along C,]
1
A is a matrix of order 3 x 2 I =—8(6-4)=-82)=—16%#0
L p(A)S = 2 : L p(A) =3
We find that there is a second order minor, !
> 1 2. Find the rank of the following matrices by
RS 7-12=-5%0 : row reduction method :
4 ! 1 11 3
p(Al) _:2 2-_1 . : (i) 2 -1 3 4| [PTA-1:FRT -2022]
(iii) LetA= L 6 3 J : 5 -1 7 1
! 1 2 -1
A is a matrix of order (2 x 4) | s 1 @
s p(A)<min (2,4)=2 | (i) o 4 3 [May - 2022]
The highest order of minor of A is 2 ! |
1 - : 1 -1 1
ItlS3 B =_-6+6=0 : 3 -8 5 2
-10 : i) | 2 -5 1 4
= _14+40=—
Also, 3 1 1+0 1#0. ! 123 2
Sp(A) =2 : 111 3
1
_ =23 ' Sol, () LetA=|% 13 4
(iv) LetA=|2 4 -6 . 5 -1 7 11
5 1 -1 : e
_) -
A is a matrix of order 3 x 3 : A=|2 -1 3 4 0 3 1 2
- p(A)<min (3,3) =3 : > b7 st
The highest order of minor of A is 3. E R,—>R,—5R) (1) _31 1 _;
1 -2 3 ,
N — 0 -6 2 4
IB)}2 4 —6=1~4 N T Y |
5 1 g = 5 -1 51 X RSRIR 1 11 3
[Expanded along R,] ! —TRER L0 31 =2
1 0O 0 0 O
1
:
1
=2+56-54=58-54=4=%0 ' - p(A)=2.
. p(A) =3. : 1 2 -1
01 21 ! ) 3 .1 2
%) LetA=|0 2 43 o ) LetA=), 0 5
8 1 0 2 ! -1 1
A is a matrix of order 3 x 4 :
S p(A)<min (3,4)=3 | 1 2 -1| R,->R,-3R, 1 2 -1
The highest order of minor of A is 3 | 3 -1 2 R;—>R-R, 0 -7 5
A=
01 2 : I -2 R,—>R,—R, 0 4 4
1
CB0 2 4 =0+0+8(4-4)=0 . bt 0 =32
8 1 0 '

[Expanded along C, ] l
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1 2 -1 1 2 -1
0 -7 5 R,—R,-3R; 0o -7 5
1 0 -1 1
0 -3 2 0 -1
1 2 -1

0 -7 5
0o 0 2
0 0 -1
The last equivalent matrix is in row echelo

it has two non-zero rows
S pA)=3

R, >R, 4

L v o

R,>7R,-R, R,—>2R,+R,

o o o —
5 o o
[<J SRV N

forr_n

(iii) LetA=

R;oR,
A

R,—>R,+2R,
R,—>R;+3R,

> 0
0

-1

0

0

-1

-1 7
-2 14
2 3 =2
-1 7 0
-1 7 =2
2 3 2
> 0 -1 7 0
0 0 0 -2

The last equivalent matrix is in row-echelon
form. It has three non-zero rows.

SopA)=3

Find the inverse of each of the following by
Gauss — Jordan method :

2 4
() 5

0
—4

R;—>R;+2
_—

R;—>R;-R,

=)
1 -1
G |1 0
6 -2

} [Govt. MQP-2019]
0

-1
-3

S B N
R W W

1
(i) |2
1

M

Applying Gauss — Jordan method, we get

NI ER
[|2]_5—201

1 ——|=

sol. (i) LetA =

R,—>R+2
—_—

enquiry@surabooks.com

14
: LY L
! R,—>R,-5R, 2| 2
1
1
! 0o 12
! 2| 2
11
: R2—>R2><2 1 —5 5 0
1
| 0 15 2
1 1
! R=RRy T1oof2 1
! “lo 1-5 2
! 2 1
X s WegetA™ =] 5
1
! 1 -1 0
! () LetA=1 0 -1
1 6 2 -3
| Applying Gauss — Jordan method, we get
| 1 -1 01 00
1
! [AL]=[1 0 -10 1 0
| 6 -2 =310 0 1
| 1 -1 0100
R,>R,-R
: 2722 510 1 —1-1 1 0
\ 6 -2 =30 0 1
1
! 1 -1 0100
! RoORTOR 1o 1 —if=1 1 0
! 0 4 36 0 1
: 1 -1 o1 00
! RORAR slo 1 <1l-1 1 0
: 0 0 12 -4 1
: . Lo o 1o
+
: 28T 1o 1 -1 10
1
. 00 1-2 -4 1
1
! 10 0-2 -3 1
1
| RORFR 510 1 <=1 1 0
! 00 1-2 -4 1
! 1 0 0-2 -3 1
' R2RMRs slo 1 0of-3 =3 1
1
! 00 12 4 1
! 2 31
: So,wegetAl=|-3 -3 1
! 2 41
1
1
é
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1 2 3 TSoI. (i 2x+5y=-2,x+2y=-3
) 3 I The matrix form of the system is
(i) LetA=|2 3 ! > 5V >
1 0 8 I - =
. 1 I 2)\y -3
Applying Gauss Jordan method, we get ! = AX =B where
I 2 31 0 0
! (25
(AIL]=[2 5 30 10 | A=11 ,5)
1 0 80 0 1 | 5
R,—>R,—2R | B =15)
2o 2 3100 I 4
RORR 1o 1 32 10 ! X = ]
0 -2 5/-1 0 1 : g
_ A-l
1 0 80 0 1 LT "
R, =R +R, _ale ! 2 5
0 1 =3=2 10 ! |A|=‘1 of = 4-5=—120.
0 -2 5/-1 0 1 1 1
1 —_— .
10 80 01 ! ~ AT = Ja] adj A
+
R2RFR 5o 1 32 1 0 ! 1{2 —5}
00 -1-5 2 1 ! -1 2
10 80 0 1 | - _21 ﬂ
— 1 -
RORBR 1o 1 013 =5 -3 -
| 2 52
00 -1-5 2 1 - S~ X=ATB = | 2}[ 3}
- I L . .
1 0 040 16 : [4-15 -11
+ — —
RoRFR; 10 1 0] 13 =5 3| = _2+6}—{ 4}
00 -1-5 2 1| | i
| sSox=-11,y= 4.
0 0-40 16 9 1
_ 1 ii) 2x—py=8,3x+2y=-2
RORXCD L1 1 o1 —5 3| 1 O " ' . yfh .
1
00 1l 5 -2 | € matrix form ot the system 1s
1 2 -1 X r 8
1
So,wegetAl=| 13 =5 -3 i o 1
5 2 -1 | = AX=BwhereA = |, 2},
m I s
: B =1,
1. Solve the following system of linear equations | N X = AlB.
by matrix inversion method: I
! 2 -1
() 2x+5y=-2,x+2y=-3 [June-2023] | Now,|A|—L o = 4+3=7
i) 2x—y=83x+2y=-2 PTA-3] | i
() ) ol wal LA = [A] adj A
(i) 2x+3y-z=9,x+y+z=9,3x-y-z=-1 |
(V) x+p+z-2=0,6x—4p+5-31=0, ' _ 1{2 1}
Sx+2p+27=13. ! 7132
: B 1] 2 1] 8
1 AX=ATB = o] L,
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x] l{ 16—2} ' NI
v]  7[-24-4 : AX=ATB=74 4 1 3
1
) 14 , | -4 11 -1]|-1
m :l{ S I - :{ 4} . . 0+36—4 321 2
= — 1
y] 7128 28 . vlo Ll 364943 :% 48| _ |3
- 1
7 | z -36+99+1 64 4
1
Lx=2,y =-4 | Lx=2,y=3,z=4
(iii)) 2x+3p—z=9,x+y+z=9, 3x—y—z=—1.: (iv) x+y+z-2=0,6x-4y+5:-31=0,
1 —
The matrix form of the system is 1 Sx +2y +_ 2z=13 .
- I The matrix form of the system is
2 3 —1|x 9 1 L1 1 "y
11 1|y = |09 : g
3 -1 -1z -1 : 6 4 Siyi= P!
_2 3 -1 : 5 2 2|z :13
= AX=BwhereA = |1 1 1, : ! b
3 -1 -1 AX =BwhereA = |6 —4 5|
x (9 : 5 22
1
X=|Y| andB = |9 - o 2
z -1 : X = |y|,B=|31
1
= X = A'B ! LZ 13
2 3 -1 | = X = A'B
11 | | I O | R 1 1
A=t 1_2‘1 1“33 1“13 1‘ : 4 5 16 5 |6 -4
301 -1 T 7 B o A|=0 —4 5=1‘2 2‘—1‘5 2‘+1‘5 2‘
[Expanded along R, ] : 5 2 2
=2(-1+1)-3(=1-3)-1(-1-3) ! =1(=8-10)—1(12-25)+1 (12 +20)
=0-34-1CH=12+4=16. . ! =1(=18)-1(=13)+1(32)=—18+13+32=27
+‘1 1‘ ot +1 1‘ E —+_4 S 6 s +6 T
Bt B S A S . 22 52 Tl 2
3 - 2 =1 ]2 3 !
adj A= —‘ ‘ + _‘ ‘ ! adi A- ot +1 i
(R | TS [ O : + ‘ - + ‘
) L - ! L 45 6 5 |6 4]
i —( =1 = — 1 — 1 —
&) (1-3) +(-1-3) | +(-8-10) —(12-25) +(12+20)]
~|-(-3-1) +(2+3) —(-2-9) | | —-2)  +(2-35)  —(2-9)
+(3+1)  —(2+1)  +(2-3) | | 4(5+4)  —(5-6) +(-4-6)
0 4 4 | 0 4 4 ! T
.1 4 1 -3 | -18 13 32 -18 0 9
= = | | 0o =3 3|_| 13 -3
(4 3 ) 41 | 9 1 -10 32 3 -10
! | 0 4 4! ) . | -18 0 "9
AT=ala A = 3l 4 DS LAt=TadA = 57 B3
_ _ 1
4 11 1] 32 3 -10
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1 18 0 971 2 T Writing the given set of equations in matrix form
t
~X=AlB =57 13 -3 131} , we get o o
323 -10][13] | b2 !
! 32 1ly| =17
-36+0+117 81 3!
x 1 1 ! 2 1 3|z 2
= —| 26-93+13| = —|-54|=|-2]| ' - - - -
27 27 ! X 1
64+93-130 27 !
x=3,y =-2,z=1 | = Byl =17
5 1 3 112 | S
2. IfA=| 7 1 -5|andB=|3 2 1|, find : . ! - !
1 —
1 -1 1 213 L= =BT = AT
! z 2 B 2
the products AB and BA and hence solve the | s 1 31M
system of equations x +y+27=1,3x+2y+2=7, ! 2 B
2x+y+3z=2. [Qy. - 2023] | ) 7 1 _? ;
5 13 112 e
1 -2+ /+
sol. GivenA=| 7 1 =5 B=|3 2 1 : N 7+7-10
1 -1 1 21 3 I Y 1-742
— 1
-5 1 311 2 ' :
1
AB = | 7 1 -5([3 21 : _lj_zl
1 -1 1]j2 1 3 ! 4 4 |
[ 543+6 —5+2+3 -10+1+9]| !
_ | 743-10 7+42-5 l4+i-15| 0 x=2y=lz=-ld
1-3+2 1-2+1 2-1+3 1 3. A man is appointed in a job with a monthly
- 40 0] : salary of certain amount and a fixed amount
| of annual increment. If his salary was
= [0 4 0f=4 L I % 19,800 per month at the end of the first
0 0 4 \ month after 3 years of service and < 23,400
11 21T=5 1 3 ! per month at the end of the first month after
1 9 years of service, find his starting salary and
BA = |3 2171 -5 | his annual increment. (Use matrix inversion
2.1 3|1 -1 1 ! method to solve the problem.)
— 1
S+7+2 1+1-2 3-5+2 1 Sol. Let the man’s starting salary be ¥ x and his
_ | =15414+1 3+2-1 9-10+1 : annual increment be I y.
1
| -10+7+3 2+1-3 6-5+3 ! By the given data x + 3y = 19800 and x + 9y =23,400.
4 00 | The matrix form of the given system of
— |0 4 0|=47 ! equations is
¥ ' 1 3]« (19800
L 1 —
1 234
So, we get AB=BA=4. 1, : 1Ly 23400
| | : 1 3 19800
- ZAJB _ B(ZAJ_I | = AX =B where A = 19 and B=| 53,400
1 - = X = A'B
= BT = LA : 13
1 —
. A=l 9
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Sol.

9-3=6#0

1 1/ 9 -3
madeZE{—l 1}
A'B
1] 9 3719800
- E[—l 1“23400}
x| 1[178200-702007 1 [108000}
L}: 8{49800 +23400} = 6] 3600

{x} ) {1 8000}
) 600
< x = 18000, y = 600.

Hence the man’s starting salary is ¥ 18000 and
his annual increment is ¥ 600.

Four men and 4 women can finish a piece
of work jointly in 3 days while 2 men and 5
women can finish the same work jointly in 4
days. Find the time taken by one man alone
and that of one woman alone to finish the
same work by using matrix inversion method.

Let the time by one man alone be x days and one
woman alone be y days

.. By the given data,
.4 1 2050
Xy = gand x y—Z
1 1
put T s and y =t
1 1
S4s+4t = —and2s+5¢=—
3 4

The matrix form of the system of equation is

1
4 41[s] |3
2 501711 = AX = B where
.
l
4 4 3
A: 2 5_ andB = l
4
X = AlB
4 4
Now|A|=2 5 = 20-8=12#0

1 1[s 4
.'.A_1:|A| adj A = E -2 4

enquiry@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

¢

Sol.

! 1
5 41|12 q
L X=ATB= L 3121
121-2 4|]1| 12|-
— —+1
4
2 2 1 1
— _ X — —_—
_ L3 3 12| _|18
121 1 1 1
— X — —Aa
3 312 36
_ 1
T
1 1
N 2 _ 4
x 18
= x = 18
Lo
36
1 1
= y 36
= y =36.

Hence, the time taken by 1 man alone is 18 days
and the time taken by 1 woman alone is 36 days.
The prices of three commodities A, B and C
are3 x, y and z per units respectively. A person
P purchases 4 units of B and sells two units
of A and 5 units of C. Person Q purchases 2
units of C and sells 3 units of A and one unit of
B. Person R purchases one unit of A and sells
3 unit of B and one unit of C. In the process,
P,Q and R earn < 15,000, X 1,000 and < 4,000
respectively. Find the prices per unit of A, B
and C. (Use matrix inversion method to solve
the problem.)

Let the prices per unit for the commodities A, B
and Cbe% x,3 yand T z.

By the given data,
2x — 4y + 5z = 15000
3x +y—2z = 1000
—x + 3y +z = 4000
The matrix form of the system of equations is

2 4 5||«x 15000
3 1 =2||y|=] 1000
-1 3 1||z 4000
2 4 5 X
AX=BwhereA =| 3 1 2| xX=|V|,
-1 3 1 z
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and B =
= X =
Al =
1 =2 3

=2 +4
3 1 -1

15000
1000
| 4000
A'B
2 4 5
301 =2
-1 3 1
) 301
+5
1 -1 J

=2(1+6)+4(3-2)+5(9+1)
=2 (7)+4 (1) +5(10)= 14+ 4 + 50 = 68.

adj A=

~X=A"B

X

y
z

N

-2 3 1]
1 1 -1 3
2 4

+‘

19 3
7 19
-2 14

15000

iy
68
10

7 19 3
-1 7 19| 1000
110 -2 14| 4000

105000 + 19000 + 12000
—15000 + 7000 + 76000
| 150000 — 2000 + 56000

136000 2000
68000 1000
204000 3000

adj A=

.+ x=2000,y = 1000, z=3000.

Hence the prices per unit of the commodities
A, B and C are ¥ 2000, ¥ 1000 and ¥ 3000

respectively.

@ Sura’s ' Xll Std - Mathematics ™ Volume |
IR £XERCISE 1.4\
1
1
1
. 1. Solve the following systems of linear equations
1 by Cramer’s rule :
1
: (i S5x-2p+16=0, x+3y-7=0
! 3 2
: (i) —+2p=12, — +3y=13 [Qy. - 2023]
x X
: (i) 3x+3y—z=11,2x—y+27=09,
: 4x + 3y +27 =125 [Hy - 2019; July - 2022]
1
3 4 2 1 2 1
: ivy —————-1=0,—+—+--2=0,
I X y z X y z
: 2 5 4
. —————+1=0 [FRT -2022; Mar. - 2024]
: X y z
1
1 ) 5 2
:Sol. (i) GivenA = 13 =15+2=17
1
! -16 -2
1 A =
1 1 7 3
1
1
! = —48+14=-34
1
I 5 -
! A, = =35+16=751
1 2 1 7
1
! A, -34
x = —="5 =2
: A 17
' A, 51
1 2
= = =—=3
! Y A 17
| x=-2,y=
1
. . 1
. (ii) Let;=z
1
: S 3242y = 12,22+ 3y=13
1
I 3 2
! LA = 5 3= —-4=5
: 12 2
I A, = =36-26=10
I ! 13 3
1
! 3 12
! A = =39-24=15
! 2 2 13
I A, 10 1 1
1 z=— = — =2=—=2=x=—
1 A 5 X 2
1
A 15
: re A TS
1
1 1 3
1 = — =
! X 2,)/
é
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Chapter 1 = Applications of Matrices and Determinants 0
*
- 3 4 2
) 1 :‘A—121—321+411 212
G A=1]2 -1 2 : —254_ 5o N

4 3 2 | -7

-1 2 2 2 2 -1 : =3-8+5)+4(-4-2)-2(-5-4)
= -3 -1 =3(— —6)—2(—
—3(-2-6)-3(4-8) - 1(6+4) . 224t I8=-15
= 3(-8)—3(—4) - 1(10) ! 1 -4 -2
=-24+12-10=-22 : A=l2 2 1

11 3 -1 ! * -1 -5 -4

A =19 -1 2 ! 2 1 2 1 2 2

25 3 2 R e R
_ 11—1 2 4 9 2 » 9 -1 ! =1(—8+5)+4(-8+1)=2(-10+2)

3 2 25 2 25 3 =1(-3)+4(-7)-2(-98)
= 11(-2-6)-3(18 - 50) — 1(27 +25) ! =-3-28+16=-15
= 11(- 8)-3(-32)-1(52) I 31 =2
= —88+96-52=—44 : A=l 2 1

311 -1 | S P
— 1

A, =29 2 . 2 1 11 12
1 = — —
4 25 2 . et e 472y
1
512 P AP 0 =38 14— 2 1-4)

25 2 4 2 4 25 | =3-7)-1-6)-2(-5)=-21+6+10=-5
:3(18750)711(478)71(50—36): 3 4 1 ) 1 2 1 2
=3(-32)-11(-4)-1(14) ! A=l 2 2:3_5 _1+42 _1+12 _5
=-96+44-14=-66 I 2 -5 -1

33 11 : =3(-2+10)+4(-1-4)+ 1(-5-4)

A =2 -1 9 : =3(8)+4(-5+1(-9)

4 3 25 ! =24-20-9=-5

-1 9 2 9 2 -1 A, -15 1
=3 -3 +11 : X = o =E——=1=—-=1

3 25 4 25 4 3| A —15 X

! = x =1
= 3(-25-27)-3(50-36)+ 11(6 +4) ! A 5
= 3(-52)—3(14) + 11(10) I y = L -~ _ -
= 156 -42+110=-2388 | ! 1A -15 3
A __-4_ o L = 5 =r=3
' A -2 ! AL s 17 1
- ! Z=-—t=—=-=—=-=z=3
y= B 66, ! A 15 3z 37
A =22 I sx o = l,y=3,z=3.
1
7 = ﬁz __88:4 1 2. In a competitive examination, one mark is
A =22 ! 1
o _ _ : awarded for every correct answer while —
SLx=2,y=3,z=4 X 4
. 1 1 1 : mark is deducted for every wrong answer. A
@iv) Put; = X ; :Y; =Z I student answered 100 questions and got 80
We get 3X —4Y —27 =1, X +2Y+Z=2 | marks. How many questions did he answer
X _S5Y 47 =_ 1 ’ ! correctly ? (Use Cramer’s rule to solve the
6 problem). [Qy - 2019]
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Sol. Let x represent the number of question with * 4. A fish tank can be filled in 10 minutes

Sol.

correct answer and y represent the number of
questions with wrong answers.

By the given data,x +y = 100and ... (1)
1
lx——y =80
X 2 y
Multiplying by 4 we get,
4x—y = 320 .. (2)
From (1) and (2)
1 1
A = =—1-4=-5
4 —1‘
100 1
A= =-100-320=-420
320 -1
A, = b1 =320-400=-280
2 4 320 T T
A, —420
Lx = —=——=+84
A -5
A -80
andy = —2=—=16
A -5
Hence, the number of questions with correct

answer 1s 84.

A chemist has one solution which is 50% acid
and another solution which is 25% acid. How
much each should be mixed to make 10 litres
of a 40% acid solution ? (Use Cramer’s rule
to solve the problem). [Hy. - 2023]
Let the amount of 50% acid be x litres and the
amount of 25% acid be y litres
By the given data, x +y =10

50 25 40
andx| — | +y | — 0|——
100 100 100

(D)

= 50x +25y= 400=2x+y=16 ... (2)
1 1
A= S|
21
10 1
A = =10-16=-06
x 16 1
A Lo 16 -20 4
= S P T A
A, -6
xX= —=—=
A, -l
e
A |

i.e., 6 litres of 50% acid and 4 litres of 25% acid
solution to be mixed to get 10 litres of 40% of
acid solution.

@ = = = m e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e S e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = e

Sol.

using both pumps A and B simultaneously.
However, pump B can pump water in or out
at the same rate. If pump B is inadvertently
run in reverse, then the tank will be filled
in 30 minutes. How long would it take each
pump to fill the tank by itself ? (Use Cramer’s
rule to solve the problem).

Let the pump A can fill the tank in x minutes, and
the pump B can fill the tank in y minutes

1
In 1 minute A can fill — units and in 1 minute B
X

1
can fill — units
y

1 | 1
.;—F;:B
11 1
and;—;—%
Putl =gand — =b
X
= a+b=L (1)
10
1
anda—-b = 30 ..(2)
1 1
A= =—1-1=-2
1 -1
LI
. _10 I
T
30
_3-1_-4_-2
30 30 15
L
Al 0 1 1 _1-3
1| 30 10 30
30 o
T30 15
A 21 11
'a:ZII_SZE ;:E:MC—IS
-2
b=£=_—1 =L:>l=i:y:30
A 15 30 Y30
-2

Hence the pump A can fill the tank in 15 minutes
and the pump B can fill the tank in 30 minutes.
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5.

Sol.

2 2 4 2 4 2
=100{4 2 2|=100 34 1—3 +1

A family of 3 people went out for dinner in a
restaurant. The cost of two dosai, three idlies
and two vadais is ¥ 150. The cost of the two
dosai, two idlies and four vadais is ¥ 200. The
cost of five dosai, four idlies and two vadais is
% 250. The family has ¥ 350 in hand and they
ate 3 dosai and six idlies and six vadais. Will
they be able to manage to pay the bill within
the amount they had ?

Let the cost of one dosa be ¥ x

The cost of one idli be X y

and the cost of one vadai be ¥ z

By the given data,
2x+3y+2z = 150
2x+2y+4z = 200
S5x+4y+2z = 250
2 3 2
LA = 2 2 4
5 4 2
‘2 4‘ ‘2 4‘ 2 2‘
=2 -3 +2
4 2 5 2 5 4

=2(4-16)—3(4—20) +2(8 — 10)
=2(-12) - 3(- 16) + 2(~ 2)
=_24+48-4=20

150 3 2
A =[200 2 4

250 4 2

Taking 50 common from C; and 2 common
from C, we get,

3 31

5 1 5 4

5 41
=100[3(2 — 8)— 3(4— 10) + 1(16 — 10)]
=100[3(~ 6) = 3(~ 6) + 6]
= 100[— 18 + 18 + 6] = 600.

2 150 2 2 3 1
A,=[2 200 4 =100 2 4 2

5 250 2 551

R
=10012 -3 +1

51 751 55

=100[2(4 — 10) — 3(2 — 10) + 1(10 — 20)]
=100[2(~ 6) — 3(~ 8) + 1(~ 10)]
=100[- 12 + 24 — 10] = 100 [2] = 200.

enquiry@surabooks.com

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

¢

Sol. (i)

2 3 150 2
A=[2 2 200 =50 |2
5 4 250 5
2 4 |2 4

4 5‘_3‘5 SE 4}
=50 [2(10 - 16) — 3(10 — 20) + 3(8 — 10)]
= 50[2(~ 6) — 3(— 10) +3(~ 2)]

=50 [~ 12+ 30 — 6] = 50 [12] = 600.

A, 600

N AN W
D D B W

+3

=50 2‘

x=— = — =30
A 20
A 200
y=—2 = —=10
A 20
A 600
z=— = — =30.
A 20

Hence, the price of one dosa be X 30, one idli be ¥10
and the price of 1 vadai be ¥ 30.

Also the cost of 3 dosa, six idlies and six vadai is
=3x + 6y + 6z=3(30) + 6(10) + 6(30)
=90+ 60+ 180=7% 330

Since the family had ¥ 350 in hand, they will be
able to manage to pay the bill.

BN EXERCISE 1.5 N

Solve the following systems of linear equations
by Gaussian elimination method :

@ 2x-2p+3z=2,x+2p-7z=3,3x—y+2z=1.
(ii) 2x+4y+6z=22,3x+8y+57=27,
—~x+y+2z=2

Transforming the augmented matrix to
echelon form, we get
2 -2 32
1 2 =13 %
3 -1 211
2 -13| R,»R,-2R, |1 2 -13
2 3| R2RSR 65y
-1 211 0 -7 518
1 2 -13
RORR, o0 o 5| 4| RiOR-2R,
0 -1 0|4
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-1 3
0 -6 5|4
0 0 -5-20
Writing the equivalent equations from the row-
echelon matrix, we get,
x+2y—z =3
-6y + 5z = -4
_ 57 =
Substituting z = 4 in 2 we get,
-6y +54) = -4
-6y +20 = —4=>-4-20=-24
-24
-6
Substituting y =z =4 in (1) we get
x+24)-4 =3 = x+8-4=3
x+4 =
x =
Lx ==1,y=4,z=4.
(i) 2x+4y+6z=22,3x+8y+5z=27,
Xx+y+2z=2
Reducing the augmented matrix to an

equivalent row echelon form by using
elementary row operations, we get

2 4 62 11 2|2
3 8 sp7|— PR 3 g s[p7
11 22 2 4 62

e
- (2)

=4,

-20=>z=——
5

=

= 4.

y =

= 3
= 3-4=-1.

R,—R,+3R,
R,—>R,+2R,

-1 1
0 11

2|2
11|33

0 6

-1 1 2|2
>0 1 1|3

10(26
R,—>R,=+11

R;—>R; =2

0 3 513

-1 1 2{2
0 I 1|3
0 0 24

2|2

R;—>R;-3R,

11
_RORF2 1 11

0 0 12

Writing the equivalent equations from the row
echelon matrix we get,
—x+ty+2z =2 (D)

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
é

2.

Sol.

@ Sura’s " Xl Std - Mathematics = Volume |
y+tz =3 ..(2)
z =2 ...(3)
Substituting (3) in (2) we get, y+2 =3
= y=3-2=1
Substituting y =1 and z =2 in (1) we get,
—x+1+22)= 2 >-x+t1+4 =
= —x+t5 =2 = —-x =2-5
= —x = 3 = x=3

Lox =3, y=1,z=2.

If ax? + bx + c is divided by x + 3, x — 5, and
x — 1, the remainders are 21, 61 and 9
respectively. Find a, b and c. (Use Gaussian
elimination method.) [PTA -3]
Let P(x) = ax*+ bx +c¢

Given P(-3) = 21
[ P(x) + x + 3, the remainder is 21]

= a(-3)?+b(-3)+c =21

= 9a—-3b+c =21 (1)
Also, P(5) = 61
= a5’ +b(5)+c =6l
[using remainder theorem]
= 25a+5b+c¢ = 61 ..(2)
and P(1) = 9
=  a(l)>)+b(1)+c=9
= atb+tc=9 ..(3)

Reducing the augment matrix to an equivalent

row-echelon form using elementary row
operations, we get
9 3 1)21 I 1 19
25 5 161 |—NRs os 5l
1 1 19 9 3 121
R,—>R,-9R
ORI
R DR, o 20 —24|-164
0 -12 -8|-60
R,—»R, +4
27 1119
M) 0 -5 —6|-41
0 -3 -2-15

Ry>R,—3R, |1 1 1] 9
S 0 -5 —6-41
8148
515

L
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1 1 1 9
R g s 6|4
0 0 8 48
Writing the equivalent equations from the
row-echelon matrix we get,
atb+c =9 (D)
—5b—6¢c = —41 ..(2)
8 =48
48 6
: = —_—=
<%
Substituting ¢ = 6 in (2) we get,
= -5hb—-6(6) = 41
= -5b =36 —41
= -5b =-41+36=-5
-5
= b = —~=1
-5
Substituting b =1, ¢ =6 in (1) we get,
a+tl+6 =9
= at7 =9
= a =9-7
= a =2
sLa=2,b=landc=6
3. An amount of ¥ 65,000 is invested in three
bonds at the rates of 6%, 8% and 9% per
annum respectively. The total annual income
is T 4,800. The income from the third bond
is ¥ 600 more than that from the second
bond. Determine the price of each bond. (Use
Gaussian elimination method.)
Sol. Let the price of bond invested in 6%, 8% and 9%
rates be let% x, ¥ y and T z respectively
. By the given data, x + y +z= 65,000  ...(1)
6xxx1 N 8x yx1 N Oxzxl — 4.800
100 100 100 R
" Interest = ——
[." Interes 100 ]
6x+ 8y+ 9z 4.800
~ 100 100 100 _
= O6x+8+9z = 480,000 .. (2)
Also, 22 = 600+ 22
100 100
- 8y 9z _ 600
100 100
= -8y+9z = 60,000 ..(3)
Reducing the augmented matrix to an equivalent
row-echelon form by using elementary row
operation, we get

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

¢

Sol.

1 1 1] 65000
6 8 9]4,80,000
0 -8 9| 60,000

11 1[65,000
Ry2Ry=6R 1y 5 3090,000
0 -8 960,000
11 1] 65,000
R;oR;H4R 1 5 31 90,000

0 0 214,20,000

Writing the equivalent from the row echelon
matrix we get,

x+y+z = 65,000 (D)
2y +3z = 90,000 ..(2)
21z = 4,20,000
4,20,000
= z = T = 20,000

Substituting z = 20,000 in (2),
2y +3(20,000) = 90,000

= 2y + 60,000 = 90,000
= 2y = 90,000 - 60,000
= 30,000
30,000
= y = Y =15,000

Substituting y = 15,000 and z = 20,000 in (1) we
get,

x+ 15,000 + 20,000 = 65,000
= x+35,000 = 65,000
= x = 65,000-35,000
= x = 30,000

Thus the price of 6% bond is ¥ 30,000 the price
of 8% bond is ¥ 15,000 and the price of 9% bond
is ¥ 20,000.

A boy is walking along the path y = ax? + bx+c
through the points (-6, 8),(—2 — 12) and (3,8).
He wants to meet his friend at P(7,60). Will he
meet his friend? (Use Gaussian elimination
method.) [Mar. - 2023]

(1)

Giveny = ax>+bx+c
(-6, 8) lies on (1)
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= 8 = a(-6)>+ b(-6) + ¢ T La=1,b=3,¢c=-10
= 8 = 36a—-6b+c .(2) ! Hence the path of the boy is
(-2, -12) lies on (1) ! y = 1(x?) +3(x)-10
= 12 = a(2P b e 1 = y=x+3x-10
N 12 = 4a—2b+c .(3) ! Since his friend is at P(7, 6(;),
Also (3, 8) lies on (1) - 60 = (7)"+3(7) 10
8 = a(3)+ b(3) + ! = 60 = 49+21-10
- a(3) ¢ b 60 = 7010 =60
= 8= 9a+3b+c (4) ! N 60 = 60
Reducing the augment matrix to an equivalent | Since (7, 60) satisfies his path , he can meet his
row-echelon form by using elementary row ! friend who is at P(7, 60)
operations, we get, 1
36 -6 1| 8 Ros AR.R 36 -6 1 81,
_) —
4 =2 1-12 : — | 0 12 8116 . 1. Test for consistency and if possible, solve the
9 31 8 0 18 3 24 | following systems of equations by rank method.
R, >R, + 4 | (i) x—-y+2z=2,2x+y+4z="17,
36 -6 1 8 ! dx-y+z=4
R;—>R; +3 ! .
0 -3 2-29 I (i) 3x+ty+z=2,x-3y+2z=1,
1
0 6 1 8 I Tx—y+4z=>5.
I
6 -6 1 8 : (iii) 2x+2y+z=5,x-y+z=1,
R;—>R;+ 2R, | 0 -3 2l-29 . 3x+ty+2z;=4 [Sep. - 2020; Hy. - 2023]
7 | (iv) 2x-y+z=2,6x-3y+37=6,
0 0 550 : 4x-2p+2z7=4. [PTA - 5;Hy - 2019]
Writing the equivalent equation from the row 1 go; () x-y+2z=2,2x+y+4z="T,4x—y+z=4
echelon matrix, we get 36a —6b +¢=8 = ..(1) | i )
. The matrix form of the system is AX =B
—3b+2¢c = -29 (2)
. 1 -1 2 x 2
Sc = 3§ | whereA=|2 1 4|,X=|y|andB=|7
50 : 4 -1 1 z 4
= C= gy ~ =10 : Applying elementary row operations on the
1 .
Substituting ¢ =-10in (2) we get, | augment matrix [A[B] we get,
“3b+2(-10) = 29 ! 121 o2p] RePReR o
= 35-20 = 29 CABIE2 1 47| 2R3 ) 3
= -3h = -29+20 : 4 -1 1/4 0o 3 -74
= -3b = —99 : 1 =1 2| 2
_ b= —==3 I RioR=Ry 510 3 0] 3
Substituting » =3 and ¢ =—10 in (1) we get, | 0 0 -7|-7
1
363“6 - 6(13; - 18 3 g ' Here p(A) =3 and p[A|B] = 3
= a-lem v ! .. p(A) = p[A|B] = 3 = number of unknowns
= 36a—-28 = 8 ! : . . .
! Hence the system is consistent with unique
= 36a = 8 +28 =36 : Solution_
— q = 36 -1 | Writing the equivalent equations from the row-
36 l echelon matrix, we get
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X-y+2z =2 (D 3 15¢-3-20¢+ 10
1 _ = _
3y =3sy=1 -(2) T R e T
-7 1
N - - = — [-5t+7
7z T=z — I .03 =x 10 [ ]

Solutions y =1 and z =1 in (1) we get, Hence the solution set is

1
1
:
1
1
_ : 1 1
x=1+2(1) =2 X xIE(7—5t),yzﬁ(5t—1)andz:twhere
= x-1+2 =2 |
= x+1=2 ! te R
1
= x ‘%‘1‘1 (i) 2v+2ptz=5x-p+z=1,3x+p+2=4
= =
Cx=1.v=1 z=x1 | The matrix form of the given system is
- I I AX =B where
(i) 3x+y+z=2,x-3y+27=1, : 2 2 1 X 5
ooyt dz=s. . : A= |1 4 1|,X=|yB=]1
Then matrix form of the system is AX =B 1 31 2 . 4
1
3 11 2 .
* : Applying elementary row operations on
whereA=\1 =3 2, X=|py|B=|1] the augmented matrix [A|B] we get,
7 -14 z A 2 2 15 1 -1 11
Applying elementary row operations on the , [AB]=|1 -1 11 % 2 2 15
augment matrix [A[B] we get, ! 3 1 24 3 1 24
301 12 1 -3 21}, _ ;
R,OR, I Ry 7R, 2R, -1 11
[A|B] =1 -3 2{1|—————15|3 1 112 : R3—)R3—3R1
7 -1 45 7 -1 45| ! 0 4 -13
I 0 4 -1
Rz—)R2_3R1 - I _
R, R-7R, | > 4! ! L-1 1l
22 Lslo 100 -5|-1 : ROR-R, 10 4 3
0 20 —10[-2 ! 0 0 0-2]
1 -3 2|1 \ Here p(A) =2 [. There are 2 non-Zero rows]
R;>R;-2R, s10 10 =5|-1 | and p[A|B] =3 [." There are 3 non —zero rows]
0 0 0/0 | Here, p(A) i.P[A|B] N ‘
Here p(A) = 2, and p[A[B] = 2 [since there ! E:rslgi,ltti};en given system is inconsistent and has
only two non-zero rows]. So, p(A) = p[A|B] , . 2y '+ 3w =6
=2 <3, the given system is consistent with one ! (iv) 4x_§ _fz_z a yT2=0,
parameter family of solutions. So, put z = ¢, | The rn); trix forn; of the given system is
x € R. Writing the equivalent equations from the | AX = B where
row echelon matrix we get, I 1 1
x-3y+2z =1 (D)
10y -5z = -1 (2! A=1]6 -3 3
z =t (3 4 -2 2
(2) becomes 10y — 5t=-1 : ¥ 2
= 10y = 5¢-1 | X =|y|B=|6
1 1
= — [5t— ! 4
= Y= 10 [5t—1] | | Z
3 B ' Applying elementary row operations on the
Also, from (1), x — m [5t—1]+2r=1 ! augment matrix[A[B], we get,
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[A|B]=|6

Sol.

[A/B]=]1

R,—>R,-3R,
R,—R,—2R,
—_— =

2 -1 112
-3 3|6
4 =2 2|4 0

2 -1 112
0 0 0)0
0 0j0

Here p(A) = 1["." only one non zero row]|

and p[A|B] =1["." only one-zero row]

- p(A) = p[AIB] = 1 < 3, the given system is
consistent and has two parameter family of
solutions.

So,z=tand y=s where s, t € R.
Writing the equivalent equations from the row-
echelon matrix, we get
2x—y+tz =2
y==s
z =t
Substituting (2) and (3) in (1) we get,
2x—s+t =2
= 2x =s—t+2

(1)
2
.3

= b % [s—t+2]
.. Solution set is x -1 (s—t+2),y=s,z=t
where s, te R 2
Find the value of k& for which the equations
kx-2y+z=1,x-2ky+z=-2,
x—2y+kz=1 have [Qy. - 2019 & 2023]
(i) no solution
(ii)
(iii) infinitely many solution
kx =2y+z=1,x-2ky+z=-2,x-2y+kz=1
The matrix form of the system is AX = B where
k=21 X 1
A=|1 2k 1[,X=|y|,B=|-2
I -2 k z 1
Applying elementary row operation
augment matrix [A|B] we get,
k=2 1] 1] 1 -2 k|1
ok 1|2 |-ReRs g
1 2 k 1 k-2 11
R,—>R,-R;
R;—>R3-kR;

unique solution

L e el e e e
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1 -2 k 1
—RORAR, 1o 2k 42 -k -3
0 0 1-k2+1-k —-k-2
1 ) k 1
—>|0 -2k+2 1-k -3
0 0 —k*-k+2 —k-2
1 -2 k 1
-0 2k+2 1-k -3 e
0 0 (k+2)(-k) —-k-2
Case (i) when k=1
12 1.1 121 1
[AB] = |0 0 0 =3|-R2RRasfo 0 0 3
0 00 -3 0 00 0

Here p(A) =1 and p[A|B] =2
So, p(A) # p[A|B] = The system has no solution.
Case (ii) When k= 1, k=2

1 -2 k 1
[AB]— [0 —2k+2 1-k -3
0 0 notzero|not zero

= p(A) =3 and p[A|B] =3

s0, p(A) = p[A|B] = 3 = the number of unknowns
Hence, the system has unique solution.

Case (iii) when £ =-2

1 2 =2 1
p[AB] >|1 6 3 -3
00 0 0

Here p(A) =2 and p[A|B] =2

.. p(A)=p[A|B]=2 <3, the number of unknowns
so the system is consistent with infinitely many
solutions.

Investigate the values of A and L the system of
linear equations 2x + 3y +57=9, 7x + 3y — 57 =8,
2x + 3y + Az =, have

(i) no solution

(ii) a unique solution

(iii) an infinite number of solutions.

Sol. 2x+3y+52z=9,7x+3y—5z=8,2x+3y+Az=p

The matrix form of the system is AX = B where

2 3 5 X 9
2 3 A Z n
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g

Applying elementary row operations on the T m

Solve the following system of homogeneous
equations.

augmented matrix [A|B] we get,

2 3 5|9 7 3
[AB]=|7 3 -s|s| R s 3
2 3 A 23
Ro->R—"Ri 0 4 o
R,>R;-R, o 15 45 45
7 7| 7
0 0 A=5u-9
7 3 5| -8
RoaDR X7 Lo 15 45| 47
0 0 A-=5|u-9
Case (i) When AL =5
7 3 5 8
[AIB] = |0 15 45 47
0 0 0/u-9

Here p(A) =2 and p[A[B] =3
So, p(A) # p[A[B]

Hence the system is inconsistent and has no

solution
Case (ii) When A #5, u #9

7 3 -5 -8
[AB]=1]0 15 45 47

0 0 notzero|notzero

Here p(A) =3 and p[A[B] =3

-5/8
519
A

. p(A) = p[A|B] = 3 = number of unknowns

Hence, the system is consistent with unique

solution
Case (iii) When A=5and p=9
7 3 -5-8
[AB]=0 15 45|47
0 0 00

Here p(A) =2, p[A|B] =2

- p(A) = [A|B] = 2 < number of unknowns

. The system is consistent and has infinite

number of solutions.

enquiry@surabooks.com
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3x+2p+77=0,4x-3y—-2z=0,
5x+9y+23z=0

(i) 2x+3y—z=0,x—y-2z=0,3x+y+3z=0.
Sol. (i) 3x+2y+7z=0,4x-3y—2z=0,

5x+9y+23z=0
Here the number of equations is equal to the
number of unknowns.

Transforming into echelon form, the
augmented matrix becomes
2 70 3 2 7 0
R, =3R, —4R,
-3 2 0= |0 -17 =34 0
R, =3R, - 5R,
9 23 0 0 17 34 0
3 2 7 0
0 -17 -34 0|R;=R;+R,
0 0 0 0

So, p(AB) =p(A) =2 and n = 3.

Hence, the system has a one parameter
family of solutions. Writing the equations
using the echelon form, we get
3x+2y+7z=0and —17y —34z=0

To solve the equations let z = ¢,
then —17y— 34t = 0

=17y = 34t
34
STl

y = =2t

Substituting z = ¢and y =—2¢in
3x+2y+7z = 0
We get3x +2(26)+7t = 0
3x—4t+7t = 0

3x+3t =0
3x = =3¢
3t
x = —_——
3
X = -,

So the solution is
x=—t,y=—2tand z=twherete R
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Sol.

(i) 2x+3y—z=0,x—y-2z=0,3x+y+3z=0.

Here the number of equations is equal to
the number of unknowns. Transforming
into echelon form, the augmented matrix
becomes

2 3 -10 1 -1
-1 =2 0|72 3

31 30 3 1

1 -1 2

0 5

0 4

2 0
-1 0[R,©R,
30

0
R, =R;-3R
0 3 3 1

1 -1 =2 0
-0 5 3 0|R;=5R,-4R,
0 0 33 0
So, p(AB)=p(A)=3andn=3
Hence, the system has a unique solution.

Since x =0,y =0,z=0, is always a solution of
the homogeneous system, the only solution is
the trivial solution

x=0,y=0,z=0

Determine the values of A for which the
following system of equations
x+y+37=0,4x+3y+iz=0,2x + y+ 27 =0 has
(i) a unique solution

(ii) a non-trivial solution.
x+y+3z=0,4x+3y+hz=0,2x+y +27=0

Reducing the augmented matrix to row — echelon
form we get,

1 1 3/0
[Al0O]=|4 3 A0
2.1 2/0

R, &R,

R,SRR, | 3P
i T HN ) S B 1)
R, >R,—4R,

0 0

1

0

0

8

R,>R,-R,

N
7

Case (i) when A #
3]0

[AI0] = |0 -1 —410
0 O notzero|0
Here p(A) = 3, p([A[0]) = 3

enquiry@surabooks.com

. p(A) = p([A]0]) = 3 = the number of unknowns

.. The given system is consistent and has unique
solution.

Case (ii) when A = 8§

1 1 3o
[A0] = |0 -1 —4[0
0 0 ol

Here p(A) =2, p([A|0]) =2

- p(A) = p([A|0]) = 2 < 3, the number of
unknowns,

.. The system is consistent and has non-trivial
solutions.

3. By using Gaussian elimination method,

balance the chemical reaction equation:
C,H, +0,—» H,0+ CO, [Govt. MQP-2019]

Sol. Given C2 H6 + O2 — HZO + CO2

We have to find positive integers x|, x,, x; and x,
such that
x, C, H, +x,0, > x; HO +x, CO, (1)

The number of carbon atoms on the LHS of (1)
should be equal to the number of carbon atoms

on the RHS of (1).
S 2x = 1xy,

= 2x,-x, =0 ..(2)
Considering hydrogen atoms we get,

6x, =2x; = 6x,—2x;=0
= 3x,-x; =0 ..(3)
Also, considering oxygen atoms we get,

2x, = lx;+2x,
=>2,-x;-2x, =0 ..(4)

Equations (2), (3) and (4) form a homogeneous
system of linear equations in 4 unknowns

.. The augmented matrix [A|0] is

20 0 -1/0
30 -1 010
02 -1 210
By Gaussian elimination method, we get,
0 0 -l 0
R,—>R;+2 2
—_—
30 -1 0]0
02 -1 210
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10 0 _71 0 ! S 7% _,
-t 7
R,—R,-3R, ; ! A
100 -1 B 0 ! 5
1
0 2 -1 =210 ! X =ﬁ=6andx=t=4
L . | 43 Z 4
— - 1
10 0 -l 0 ! So, the balanced equation is
2 ' 2C,Hg+70,— 6H,0 +4CO,,.
1
R3_)R3_R2 >0 0 -1 E 0 1
: SR EXERCISE 1.3
1
— 1
02 0 -7 0 I
b 2_ - . Choose the Correct or the most suitable
10 0 -1 0 . answer from the given four alternatives :
2 . 1. If |adj (adj A) | = |A]’, then the order of the
M) 02 0 _77 0 | square matrix A is [FRT -2022]
3 | (1) 3 24 3 2 4 5
00 -1 =10 !
7 I , [Ans. (2) 4]
- - 1
R,—2R, 0 0 -1 ! Hint : Jadj (adj)A] = |A] 7D
Ra22R: o 4 0 —7lo ! A1 = 9= (12 =32
RZ—)2R3 0 ) 300 1 = n—-1 =3=n=4
- 1
X . o .
Here p(A) = p([AB]) = 3 < 4, the number of ! 2. IfAle aT3 x 3 non_sm_glul;lr matrix 1§1ich that
unknowns : AA"=A"Aand B=A"A’, then BB =
.. The system is consistent with one parameter : H A 2B ) L 4) BT
family of solutions, so letx, = ¢ | [Ans. (3) 1,]
Writing the equations, from the row-echelon | Hint :BB™ = (A'AT)(A7'AT)T
form we get (from equation (2)) 1 - -
2x,—x, = 0 | = (AT'AT) (AHT-(ATHT
= 2x, = x4 p | = (ATTAHAAHT=ATAATA DT
= 2x =t = X = 5 : _ (A_IA).AT (AT)—I [ (A—I)T: (AT)—I]
From equation (3) | - TI1=1 [ AT-(AT) 1 =T]
= 3x,7x; = 0 !
I 35 :
N X, = 3 = xr% ' 3. IfA=[1 2},B=adeandC=3A,thenar‘éB=
1
From equation (4) : [Govt. MQP-2019]
3t I 1 1 1
26, -x- 2%, = 0 = 20-—-2=0 ! O3 @35 67 4) 1
1
5 Tt 0 7t E [Ans. (2) 51
- _ — 12
- Ty R | adiB|  [adi(adiA) [A["
. R ' Hint ! T
Since x,, x,, X, and x, are positive integers, let us 1 | | |3A| |3|2 |A|
choose t =4 :
I : _lap 1A
b2 | 9-1al Al 9
é
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CE_|e Y ! gap = | 0
4. A | ,l1=|) (| thenA= ! adj (AB) 11 2
I - | ladj (AB)| = 8 — 88 =—-80
1
(1) L 4} @) L 4} | 1 x 0
4 9 4 1 1 7. IfP=|1 3 0lis the adjoint of 3 x 3 matrix
3) {_1 J 4) {2 J | 2 4 2
Ans (3){ 4 2}] ! A and |A| = 4, then x is
Hint - AX — B -1 1] M 15 @12 3) 14 @ 1
1
A = BX ' wh I [Ans. (4) 11]
- where ' Hint : |adj A| = |A|""
I =2 6 0 .
LR e
16 04 1 06 ! 4 2 2 =
A = o7 - adj (X) L 26w (2)= 4
0 6| X .
| = —6+2x =16
:ﬁ/{l O]LV 2} SN 2% = 22
0 1] 6 [-1 1 L = x =11
1
[ o] 4 2]_[4 2 ! 314 a4 g3
0 1|-1 1| |-1 1 '8, IfA=|2 -2 OlandA'=|ay a5 ay
5. IfA={4 Z}Jhen 91, - A=[PTA-2; FRT-2022] ! then the value of a,, is [PTA - 5]
1
A ! (1) 0 2 2 (3 3 “ -1
-1 - -1 -1
() A 2) > (3) 3A 4) 2A ! [Ans. (4) 1]
) [Ans. (4) 2A7"] ! Hint: Al - 4 2 0 1 2 0 2 =2
Hint'9IA—90}[73} b A= e 2
. - - — 1
L0 211472 ! =3@2)-1(2)-1(4+2)
~[9-7 0—3} ! =6+2-6=2
|0-4 9-2 -
:0 ’ | 3 -1
\ ¥ _3}—ade ! ay, = w co-factor ofa32=5><— 0
-4 7 : 1 -2
! I : - 0Ty o
But A = adjA= = adjA
B |A| ad 2 ad : 9. 1IfA, B and C are invertible matrices of some
X . L
. _ . order, then which one of the following is not
padia 2A : true? [Aug. - 2021; Mar. - 2024]
1
6. 1ta=|> "|and B=|" *|th ladj (AB)| = 1 (1) adjA=]AlA"
. = an = en |a =1 . . .
15 2 0 ! . (2 adj(AB)=(adjA) (adj B)
[Qy--20231 T (3)  detA! =(detA)’
1) 40 (2) -80 (3) —60 4) 20 ! ~ el A
( ) ( ) ( ) [A(n)s (2) _80] : (4) (ABC) l:C lB 1A 1
240 840 5 g ! [Ans. (2) adj (AB) = (adj A) (adj B)]
Hint : AB =L+10 4+0}=Ll 4} !
é
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%

12 -17 -
10. If (AB)! = and A = - ,
-19 27 -2 3
then B! = [Mar. - 2020; Hy. - 2023]
| 2 =5 5 8 5
M5 @ 15 5
3 31 A 8 -5
G, @5,
2 -5
[Ans. (1) 1
-3 8
Hint : Since (AB)'=B'A™!, we get,
12 -17 1 -1
= B!
-19 27 -2 3
LetX =By
B! —xy-! 12 -17| 1 (i Y)
= = o7 -(a
19 27 Y[
_[ 12 -7 g3
-9 27] 121
12 a7[3 1
1-19  27]]2 1
[ 36-3¢ 12-17] [ 2 -5
-57+54 -19+27| |-3 38
11. IfAT. A”! is symmetric, then A% =
[Sep. - 2020; FRT-2022; June & Qy. - 2023]
(1 AT (2) (AT)?
(3) AT (4) (A1)
[Ans : (2) (AT)’]
Hint: = ATA! = (ATA )T
— (Afl)T (AT)T: (Afl)TA
= ATAT = (A HT A
= ATAT = (AT LA
[Premultiplying by AT and post multiplying by A
on both sides, we get]
AT (ATAHA = AT[(AT) . AJA
= (AN (A1A) = AT(A)) 1 A2
= (AT (I) = LA?
= (AT)Z — A2

enquiry@surabooks.com
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12. If A is a non-singular matrix such that

5 3
Al= 5 1l then (AT) 1=
[PTA -1 ;Hy - 2019; July - 2022; Mar. - 2024]

o[ o [5 3
O, @15

-1 3 L
@l s A

5 2

5 2
Hint : (A= (AI)TIL) _J [Ans: (4)[3 _J]

and AT=A"1, then the value of x

is [July - 2022]

-3 3 4
2) — 3) = 4) —
@ = 6 5 @ 3

—4
[Ans: (1) 3 |

¢ Since AT=A1 AAT=ATA=1].. they are
orthogonal]

3
5

4
5
3
x —
5

(9 16 3

<t <=t [1 o0
- 25 25 5 25 _[ }
12 L 0| L0
5 25 25

3_x+£ 70
5 25

Iy —12 12
= — = — =
5 25

[Equating a,, both sides]
_ 4

— X
25 3 5

1 tang

and AB=1,, then B=
0 1 2
—tan—
2
(D) (cos2 QJA 2) (cos2 QJAT
2 2
0
4 sin’ —jA
@ ( 2

[Ans: (2) (cos2 gj AT

[PTA -3]
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1
Hint : B :A*‘:made

1 —tan9 0
- 1 2|1t AT = | cos’ = |AT
_ 5 2

1+tan29 tang 1 secz—
2 2

cosO sin0 k 0
15. IfA= {—sin@ cose} andA(ade)=[0 k}’
then k= [FRT - 2022]
(1) o (2) sin® (3) cos® (4) 1
[Ans: (4) 1]
Hint : We know A (adj A) = (adj A)A=|A| 1

= A=k
cos® sin0
2 k=1_gno cosol = cos?0 +sin’0 =1
2 3
16. IfA= |5 _, | be such that LA™' = A, then }
is [May - 2022]

() 17 () 14 (3) 19 (@ 21

1 [Ans: (3) 19]
Hint : L.— adjA=A

Al - &
= k.—l .{_2 _3} = 9’
(-4-15)]-5 2| |5 -2
Al-2 -3 (23
- E{—s 2} ~ s 2]
a2 3] [2 3]
- E[s —2} 5 2]
= % =1=>A=19
2 3 1 -2
17. IfadjA= L _J and adj B= {_3 J then
adj (AB) is [Hy - 2019]

-7 -1 -6 5
o 55 @5 )
=7 7 -6 -2
o 53] @55

PN
[Ans: @) | , oI
Hint : adj (AB) = (adj B) (adj A)

[ e SHs S5 )

e e e e m e m e m e e e e e e e e e e e e e e e e e e e e e e e e e S e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = == = =)

[ ]

1 2 3 4
Hint: | , 4 ¢ g| R2R+R

1 2 3 4

18. Therank of the matrix | 2 4 6 8|is

-1 -2 -3 4
[Qy-2019; June-2023]
1 22 @ 4 “4 3
[Ans: (1) 1]

1 2 3 4
0 0 00

0000

R,>R,-2R,

-1 2 -3 —4

. Rank is 1 ['.- only one non — zero row]

m b a m
19. Ifx”y”=e’”’x‘yd=e”’Al={ } A2=[ },

a n d c n
A= , then the values of x and y are
c
respectively, [PTA -3; Sep. - 2020]

Ay /A A3/A
e( 2 1),e( 3/Ay)

(1)
(2) log (A/A,), log(A,/A,)
(3) log (A/A,)), log(AJ/A))

A1/A
) e( 1 3),e(A2/A3)[Ans: @) e(Al/As)’e(Az/Az.)]

Hint : x4yb = e

= alogx+blogy =m
[Taking log both sides]
x€. yd = o

= clogx+dlogy n
a b
putA, = ¢ d
m b a m
A= n d’A2 e n
A A

log x = A_l and log y A
3 3

SoX= %} andy = A%s

e

20. Which of the following is/are correct?

(1) Adjoint of a symmetric matrix is also a
symmetric matrix.

(i) Adjoint of a diagonal matrix is also a
diagonal matrix.

(iii) If A is a square matrix of order n and A is a
scalar, then adj (AA) =2" adj (A).

(iv) A(adjA) =(adjA) A=Al
(1) Only (i) (2) (ii) and (iii)
(3) (iii) and (iv) 4) (1), (i) and (iv)
[Ans: (4) (i) (ii) and (iv)]
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21. Ifp(A) =p (JA|B]), then the system AX =B of *®

linear equations is [PTA-6; Mar. - 2020]
(1) consistent and has a unique solution

(2) consistent

(3) consistent and has infinitely many solution
(4) inconsistent [Ans: (2) Consistent]

If 0 <6 <7 and the system of equations
x + (sin B)y — (cos 0)z=10, (cos O)x —y +z=0,
(sin 0)x + y — z = 0 has a non-trivial solution
then 0 is [Qy-2019]

m =z r

22.

37

5
@ 5 6 7

6

@ 5

[Ans: (4) z |
—cos0 4

1 sin®
cos® -1 1
sin® 1 -1
The system has non — trivial solution if |A| =0
1 sin® —cos6
cosH -1 1

sin 0 1 1

Hint: A

=0

cos 1 cos -1

—sin —cos0

sin® -1 sin® 1
= 1(1-1)—sin O (- cos 6 — sin 6) — cos O (cos 6
+ sin ) =0
= sin 0 cos0 + sin? 0 — cos? O — cos 0 sin 0 = 0
= c0s?0 —sin’0=0=cos20=0
{.‘coszzo}
2
=20= - =0=—
2 4

23. The augmented matrix of a system of linear
1 2 7 3

:>1‘_

-

T
=082 0 =cos—
o

equations is 0 1 4 6 | . The system
0 0 A—7 p+5
has infinitely many solutions if
M A=7pz-5 (2) A=-7,pn=5
B) Az7,uz-5 (&) A=7,u=-5
[Ans: @) A=T7,u=-15]
Hint : WhenA=7andu=-35,
1 2 7 3

[AB] = 01 4 6
0000
p(A)=p([A|B])=2<3, the number of unknowns.

.. The system is consistent and has infinitely
many solutions.

g T A S

2 -1 1 1
24, LetA=|"1 2 -liapnd4B=| 1 3 x|
1 -1 2 11 3

If B is the inverse of A, then the value of x is

1 2 4 1
[Ans: (4) 1]
Hint: A=B'=A.B=B'B=AB=1I

24 3

2—11131—1 1 00
-1 2 -1|=|1 3 x|=|0 1 0
1 -1 2 -1 1 3 0 0 1
1 1
795 © 0:>Z.[—2—x+3]=0
=>-x+l=0x4 = 0=>x =1
3 3 4
25. IfA=|2 -3 4| then adj (adj A) is[PTA- 2]
0 -1 1
3 -3 4 (6 -6 8]
(1) |2 -3 4 ) |4 6 8
0 -1 1 10 2 2]
(-3 3 —4 (3 -3 4]
BG) |2 3 4| @ |0 -1 1
L0 1 -1 12 -3 4]
3 -3 4
[Ans: (1) |2 -3 4
0 -1 1
Hint : adj(adjA) = |A|"2A=]AlA
3 -3 4
Al =2 3 4
0 -1 1
34 R AR
=30 43 1o
= 3(-3+4)+3(2-0)+4(-2-0)
= 3(1)+6-8=l
3 -3 4
sadj(adjA) = LA=A={2 -3 4
0 -1 1
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PTA QUESTION & ANSWERS

1.

Hint :

i

@

Hint : |3 adj A| = 27 |adj Al

If A and B are orthogonal, then (AB)" (AB) is
[PTA - 1]

4 A

[Ans: (3) I]

H A @B
AAT =
BB =

(AB)'(AB)

31
ATA=1
B™B=1
BTAT (AB) = BT (ATA)B
BT(IB) =1

-1 2
The adjoint of 3x3 matrix Pis |1 1

2 21
then the possible value(s) of the determinant

Pis (are) [PTA -4]
(1) 3 4) +\3
[Ans: (3) £3]

2
2

b

2) -3 (3) £3
-1 2 2

2| =—1[1-4]-2[1-4]+2[2-2]
2 21

1(3)-2(3)+0=3+6=9
P = +/9 =+3

If A is a 3 x 3 matrix such that [3adj A| =3
then |A| is equal to [PTA - 5]

1
@ -3

|
3G =3

1
M 3

3 4) +3

[Ans: (3) ﬂ:% |

3 = 27/AP

A]?

W | —

Al =

4. Let A be a non-singular matrix then which

one of the following is false

-1 A
(1) ==
|Al
(2) 1is an orthogonal matrix
(3) adj(adjA) = |Al" A
“

[PTA - 6]

(adjA)

If A is symmetric then adj A is symmetric
[Ans: (3) adj(adjA) = |A|" A]

Hint : adj (adjA) = |A"2 A

L e el e e e

Sol.

Sol.

2 MARKS

cosO —sin0 | |
Prove that is orthogonal.

sin®@ cosO
[PTA - 1; FRT -2022; Mar. & Qy. - 2023]

[cos® —sin0]|
LetA = )
| sin®  cosO |
. [cos® —sin0]" cosf  sin®
Then, A" = | sin®  cos®| |[-sin® cosH

[cos® —sinO|[ cos® sind
- | sin®  cos0O || —sin® cosO
|: cos’0+sin’0 cos@sine—sinecose:l

sin0cosO — cosOsin O sin® 0+ cos’ 0

1 0
—01—12.

Similarly, we get ATA= L.
Hence AAT= ATA =1,= A is orthogonal.

If A 23 B 0 find adj (AB
_12’_25,11“']().

[PTA-3]
2 3)[4 o] [8+6 0+15] [14 15
AB=1 ol 5| T 444 04107 |8 10
4 (AB) 10 —15
a =
/ -8 14
3 MARKS
3 2
IfA=LL 2}, find the value of A so that
A?=)A-2lL [PTA - 2]
, 3 2][3 2
A 20l 22
_[9-2n —6+4 :{9—% —2}
3N-20 2h+4 A —2h+4
M2 =n > Feg O
I I W) 0 1
_ 3 -2 {2 0}: 3-2 -2
Aro—2n| 02 A 2n-2
n2h = =2
A=1
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®

Al =

Sol.
form, we get

4 3 6125

1 5 7]13

2 9 1] 1

Ry —>Rp—-4R|,
R3—>R3-2Ry

_[-5-6
~2+2

AT =—11'

-5

s

From (1), (2) and (3)
A(adiA) = (adj A)A=

5 MARKS

1. Examine the consistency of the system of
equation 4x + 3y + 6z = 25, x + S5y + 77 = 13.
2x + 9y + z=1. It it is consistent then solve.

Ri—>Rp

-

5
-17
-1

—15+15
—6—

11
0

AL

1

AN

3
}=56=11

0
—11

57
4 3 6

2 9 1

7
=22
-13

13]

=27
=25

0

11] (2

)

[PTA -1]

Transforming the augmented matrix to echelon

13
25
1

4 -2 6 8
2. Findtherankofthematrix|1 1 -3 -1
15 -3 9 21
[PTA - 4]
4 -2 6 8 1T =3 -1
sol. [{ 1 3 R Ryi4 2 6 8
15 -3 9 921 15 =3 9 21
1 1 -3 -1
R, =R, + (4R,
R, R+ (15)R, . O 1812
TR FEIRG 18 54 36
R
R, —~—¢ é 1 _i _; 11 =3 -1
R &()1_3_2&H&—&01 -3 =2
N3 3 BB
18 00 0 0
3. Solve by matrix inversion method :
S5x+2y=4,7x+3y=>5.
Sol. Matrix form AX =B [PTA - 5]
52 x 4
A= , X=| |,B=
7 3 Y 5
5 2
A| = =15-14=1
7 3
R
=7 5
X = A'B
X 3 2|4
vl =7 515
X 12 —10 2
y|  |-28 425 |-3
x=2,y=-3

4. Find the adjoint of the matrix A =

2

and verify that A(adjA) = (adjA)A = |A|L.
13
sol. = L s [PTA- 6]
' -5 -3
adj A = o1
_ 1 3][-5 -3
A@dip)= |,
-5—-6 —343
= (1
—MH40 —6— 4 l —1J O
. -5 3|0
@HAVA=] H 1l s
enquiry@surabooks.com
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Ry—>Ro+(-D),
R3—>R3+(-1)

5 71|13
17 22|27

1 13|25

5 71 13
17 22| 27

0 199|398

The equivalent system is written by using the
echelon form:

R3—>17R3-Rp

1
0
0
1
0
0
1
0
0

x+5y+7z =13, .. (D)
17y +22z =27, ...
199z = 398. .. (3)

From (3), we get z = 199 =2,

Substituting z = 2 in (2), we get %:‘1—177:_1
Substituting z=2, y =—1 in (1), we get
x=13-5x(-1)-7%x2=4,

So, the solution is (x =4, y=—1,z=2).

Note. The above method of going from the
last equation to the first equation is called the
method of back substitution.
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2. Find the inverse of the non-singular matrix T Applying elementary row operations on the
2 11 | augmented matrix [A|B], we get
A=|3 2 1|,byelimentarytransformations. | 1 2 117 1 2 117
21 2 [PTAG]:[A|B]=11 Mop|l—R2eRs Ll 3 55
- 1
Sol. Applying Gauss-Jordan method, we get | 13 5[5 11 Ajp
2 1 1|10 0 : Ry->Ry-Ri. [1 2 1 7
[A]=13 2 1]|0 1 ! RO 510 1 -6 =2
2 1 2|0 0 1 : 0 -1 A—1|p=7
1
1 1 1 I 1 2 1 7
G R R -
1 ! —=———=10 1 -6 -2
2 1 2] 00 I
! (i) IfA=7andu#09, then p(A) = 2 and
! 1) (1 1 0 ol ! (TAB])=3 and So p(A) #2([A|B]). Hence
2 2 2 : the given system is inconsistent and has
R, —» R, —3R, 1 (1 3 ! no solution.
R. 5 R. IR 3 5 3 ; 10}, (i) If A =7 and W is any real number, then
373 ! O : p(A) =3 and ([A|B]) = 3.
: So p(A) = ([AIB]) = 3 = Number of
1 [l) [l] ! unknowns Hence the given system is
2) \2)] consistent and has a unique solution.
R, >2R,[0 1 —1 E (iii) Ifq?;x |= ]7) ar12d =09, then p(A) = 2 and
0 0 1] pULABD =2.
! So, p(A) = ([AB]) = 2 Number of unknowns.
1 1o 12 =170 Hence the given system is consistent and has
R, =R, — ERz 0 1 =1[=3 2 0, infinite number of solutions.
00 I|-=1 0 1],
SRR GOVT. EXAM QUESTION & ANSWERS
01 0|4 2 1|
——F—0 0 1|-1 0 1=
- |
3 1 1 1 1. Choose the Correct or the most
» \ @ : suitable answer from the given four
So, AT= ! alternatives : )
-1 0 1 I 1 2
i1 1. If the inverse of the matrix is
3. Investigate for what values of A and p the system ! 1 [a b 3 -
of linear equations x + 2y +z=7,x+y+Az=pn , — { }, then the ascending order of
has (i) no solution (ii) a unique solution (jii) an | 11 [c d
infinite number of solutions. [PTA-2] : a, b, c,dis [Govt. MQP-2019]
Sol. Here the number of unknowns is 3. ! (1) ab,cd (2) d,b,c,a
The matrix form of the system is AX =B, where | () ¢abd @) ba,c.d
1 2 1 X 7 : [Ans: (2) d, b, ¢, a]
= = = ! 1 _5 _2
A=\l 1T ALX=]V),B=H I Hint :  Inverse matrix = —{ }
1 3 -5 z 5 ! -5-6/-3 1
é
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4

5 2
:—_1{—5 —2} IRETEET! { b}
1[-=3 1 3 -1 |c d
111
If A is an orthogonal matrix, then |A| is [Qy - 2019]
(1) 1 2) -1 3) x1 “4) 0

[Ans: (3) £ 1]
Hint : The determinant of an orthogonal matrix is

2.

equal to 1 or —1.

The system of linear equations x +y + 7 =2,
2x +y—-7=3,3x + 2y + kz = 4 has a unique
solution if
(1) k=0
3) —2<k<2
1 1 1
Hint: 2 1 -1 20
3 2 k
= 1[k+2]-1[2k+3]+1[4-3]=0
=k+2-2k-3+120=>—-4k+0=20=k %0

[Qy - 2019]
2) -1<k<l1
(4) k=0 [Ans: (1) k= 0]

31
The inverse of { } is: [Aug, - 2021]

5 2
A
M s 5

2 -l
o |5 7]
5 [3 3 o [2 3
O @1y 5
2 -1
[Ans: (2) 5 3 |
12 -1 2 -1
A AT s 3T s s
5. The adjoint of [_2 1:|is
-1 4
1 4 -1 , -2 -1
M1, 5 (2) | 4
4 1 4 1
S I @ -1 =2

4
[Ans: (1) |:1

Hint : A!

[FRT - 2022]

-1
!

T T T T T TR .

6.

Which one of the following is incorrect?

[May - 2022]
(1) If Ais a square matrix of order n, and A is a
scalar, then Adj (A A) = A" (Adj A).
(2) Adjoint of a symmetric matrix is also a
symmetric matrix.
A(Adj A)=(AdjA) A= AL
Adjoint of a diagonal matrix is also a
diagonal matrix.
[Ans: (1) If A is a square matrix of order n, and A is

a scalar, then Adj (A A)=A" (Adj A).]

)
“4)

7. A square matrix A of order n has inverse if
and only if : [Mar - 2023]
(1) pA)>n (2) p(A)=n
(3) p(A)#n 4) p(A)<n

[Ans: (2) p(A) =n]
Hint : A square matrix A of order n has inverse if
and only if p (A) =n.

8. |adj (adjA)| = |A|'®, then the order of the
square matrix A is : [Mar - 2023]

(1 2 23 @35 “4) 4
[Ans: (3) 5]

Hint : ladj (adj)A| = |A|#~D?
n-1? = 16=>mn-17=4
n-1 =4=n=>5

9. The value of _[_zllxldx is [June & Hy. - 2023]

1 3 5 7

(1) 5 (2) 5 3 = “4) 5

5
[Ans: (3) 5]

2 MARKS

1. Solve the following system of linear equations
by Cramer’s rule 2x—y =3, x + 2y =-1.
[Govt. MQP-2019]

Sol. 2x—-y =3
x+2y =-1
2 -1
A = 2|=2X2—(1)(—1)
=4+1=5
3 -1
A = 1 2=3><27(71)X71
=6-1=5
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Sol.

Sol.

Sol.

2 3
A, = 1 _1——2—3——5
A S
X = —=—= 1
A5
A, =5
= —= = —= —1
7T A
-1 2 2
IfadjA=| 1 1 2|, findA™L [Qy - 2019]
2 21
We compute |adj A| =9
So, we get A = + ——=adj (A)
ady A
. -1 2 2 -1 2 2
=+ —| 1 1 2|=% 1 1 1 2
Vo 3
2 21 2 2 1
If A is symmetric, prove that adj A is also
symmetric. [FRT -2022]

Refer Text Book Example 1.7

3 MARKS

Verify (AB)! = B! A™! with A:ﬁ _43 }

B={_2 _3} [Sep.- 2020; July - 2022]
0 -1
0 -3||-2 -3
We get AB = [1 4}[ 0 _J
_ | 0+0 043 )0 3
{—2+0 —3—4}[—2 —7}

ABy! = 4 -7 -3]_1[-7 -3 B
0+6) 2 0] 6/ 2 0]"

1[4 3] 1[4 3
A—l — = —_
O+3)|-1 0] 3]-1 0
1 [-1 3] 1[-1 3
Bl = -—= =3
2-0[0 -2 20 -2
o 1|-1 3114 3
BAT= %10 23041 0
1|-4-3 -3+0{1|-7 -3
= — — ..(2)
6| 0+2 0+0 (6|2 O
As the matrices in (1) and (2) are same,
(AB) ! =BA"! is verified.

L e el e e e

e

Sol.

&

Sol.

e

Sol.

Solve the following system of linear equations,
using matrix inversion method : 5x + 2y = 3,
3x+2y=>5. [May - 2022]
The matrix form of the system is AX = B, where

A:[S 2],)(:[’6],}3:[3}
3 2 y 5
_ 15 2 _ -1
We find |A| = . 2—10—6—4¢0.SOA

1 _
exists and A! = —[ 2 2:|.
43 5

Then, applying the formula X =A™ B, we get
L B 2
vl 43 slls] 49 +25

—4

1[4l 4| [-1

) Z[16] 16 _[ 4}

4 |
So the solutionisx=—1, y=4.

If the rank of the matrix

A -1 0
0 A —1]| is2,then findA. [Hy. - 2023]
-1 0 A
A -1 0
Givenrankof | 0 A -—1| is2
-1 0 A
= The value of the third order determinant is zero
A -1 0
= 0O » -1 =0
-1 0 X
Sl N0 o= o
0 A -1 X
= AM*-0)+1(0-1) = 0
= M-1=0
= A= 1
= A =1
A =1
2 -1 3
Find the inverse of the matrix 5 3 1|
-3 2 3
Refer Text Book Example 1.3 [FRT - 2022]
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5. IfA=(5 ZJandB=( 2 _l]then verify
7 3 1 1
(AB)1=B 1AL [FRT - 2022]
Sol. A= 2)B=(2 _1)
7 3 -1 1
g (3 2)( 2 —1]
7 3\-1 1
_(10-2 —5+2J:(8 —3]
14-3 -7+3) \11 -4
AB| = |8 ‘3‘=—32+33:1
11 -4
_ . I({ —4 3
(AB)! = adJAB——( ) .. (1)
|AB N-11 8
Bl = —adjB= — [1 1]:[1 1]
|B| -1 2] b1 2
Al = —adjA
Al
15-14\7 5) (-7 5
B A [1 1][ 3 —2]
1 2)[-7 5
3-7 =2+5 -4 3
:[ ]:[ ].'.(2)
3-14 —2+10] L-11 8
From (1) and (2) (AB)'=B!A7.
Hence proved.
2 -1 3
6. IfA=|-5 3 1|, then find |adj (adjA)|.
-3 2 3 [Mar. - 2024]
2 -1 3
Sol. GivenadjA=|-5 3 1/|.
3 2 3
We know that [adj (adj A)| = |A[~
Here n = 3, [adj (adj)| = |A|¢ - D> = |A[*
2 -1 3
Al=|-5 3 1
3 2 3
= 2(9-2)+1(-15+3)+3(-10+9)
— 2N+ 1 (-12)+3(-1)=14-12-3
- 14-15=—1
ladj (adj A)| = —1

enquiry@surabooks.com
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Sol.

5 MARKS

By using Gaussian elimination method,
balance the chemical reaction equation:

CH; +0,—-CO,+H,0 [Qy - 2019]
We are searching for positive integers x,, x,, x, and
x, such that

x, € Hg + x,0, = x,CO,+ x,H,0 .. (1)

The number of carbon atoms on the left-hand
side of (1) should be equal to the number of
carbon atoms on the right-hand side of (1). So
we get a linear homogeneous equation

S5x

5x1 —-X

1 X

B 0 .. (2)
Similarly, considering hydrogen and oxygen
atoms, we get respectively,

3
=

8, = 2x,
= dx-x, = 0, ..(3)
2x, = 2xtx,
= 2x,~2x,-x, = 0. .. (4)
Equations (2), (3), and (4) -constitute a

homogeneous system of linear equations in four
unknowns.

The augmented matrix is [A[B]
50 -1 0f0
/4 0 0 -1|0
02 -2 -1]0
By Gaussian elimination method, we get
4 0 0 -1/0
50 -1 0]0
0 2 -2 -1/0
0 -11]0
-2 -1/0
-1 0]0
4 0 0
L>10 2 -2
0 0 —4

Ri<R)p
EE——

[A[B]
0
2
0

Ry <R3 0

-11]0
-1/0
510

R, —>4R

3 3 -5R

Therefore, p(A) = p ([AB]) =3 <4
Number of unknowns.

The system is consistent and has infinite
number of solutions.
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Sol.

3.

Sol. First we evaluate the determinants

Writing the equations using the echelon

form, we get 4x, —x,

—4x+5x4=0.

=0, 2x, - 2, —x, =0,

So, one of the unknowns should be chosen

arbitrarily as a non-zero real number.

Let us choose X,

substitution, we X, =

= t. Then, by back
56 Tt Tt
4T gy

Since X5 Xy Xy and X, are positive integers,

let us choose ¢ = 4.

Then, we get x, =1,

x,=7,x;=5andx,=4.

So, the balanced equation is
C, Hg +70,— 5CO,+ 4H,0.

Test the consistency of the following system of

linear equations by rank method.

x—y+z=-9; 2x—y
Ix-y+z=6; 4dx-y
-1 1

[A/B] =

-1 1|-9]
1 -1 22
2 -2 33
3 -2 43

1 1] =9]
1 -1] 22
0 0|11

0 1]-23]

1
0
0
0
1

0
0
0

R, <R,
p(A) = p (A/B)

1

2 1

3 -1 1] 6
4 210 7

+z7=4

+27=7  [Mar. -2020]

-9

Inconsistent and no solution.

Solve the system of equations x —y + 2z = 2,
2x+y+4z="7,4x—y+ z=4 by Cramer’s rule.

1 -1 2
2 1 4
4 -1 1

A

[Aug. - 2021]

1(1+4)+1(2-16)+2 (-2 - 4)

=1(5)+ 1 (-14)+2(-6)=5-14—12

A =21

L e el e e e

=

Sol.

@ Sura’s ' Xll Std - Mathematics ™ Volume |
2 -1 2
A= 7 1 4
4 -1 1
=2(1+4)+1(7-16)+2 (-7—4)
=205)+1(-9)+2(-11)=10-9-22
A =-21
1 2 2
A, = 2 7 4
4 4 1
=1(7-16)-2(2—-16)+2 (8 —28)
=1(-9)-2(-14)+2(-20)=-9+28-40
A, =21
1 -1 2
A, = 2 1 7
4 -1 4
=1@+7)+1(8-28)+2(-2-4)
=1(11)+1(-20)+2(=6)=11-20-12
A, =21
o2
A -21
po 2
A =21
z = £= ﬂ =l=>x=1,y=1,z=1
A =21

Cramer’s rule is not applicable to solve
the system 3x+y+z=2,x-3y +2z =1,
Tx —y+4z=5. Why? [May - 2022]
When the coefficient matrix is a square matrix
and non-singular, then the matrix can solved by
Cramer’s rule.

Coefficient matrix

311

1 =3 2/ =3(12+42)-1(4—14)+1(-1+21)
7 -1 4
=3 (-10) -1 (-10) + 1 (20)

=-30+10+20=0
.. Coefficient matrix is singular

.. Cramer’s rule is not applicable.

enquiry@surabooks.com Ph:8124201000/8124301000



www.surabooks.com

Chapter 1 = Applications of Matrices and Determinants 0
*
8 6 2 _ BRERY ADDITIONAL QUESTION & ANSWERS
5. IfA=|_g =7 _4|, verify that A (adj A) |
2 4 3 : 1 MARK
1
= (adj A) A =|A|L,. [FRT-2022] , |. Choose the Correct or the most
| suitable answer from the given four
Sol. Refer Text Book Example 1.1 I alternatives :
1
i1 1. If the system of equations x = ¢y + bz,
6. Solve the system of linear equations by | y=az+ cx and z = bx + ay has a non — trivial
Cramer’s Rule. x, —x, =3, 2x, +3x, +4x, =17, : solution then
I (1) >+b*+c*=1 (2) abc#1
+2x,=17. -
X+ =1 Dune-20231 | (3) atbtc=0 (4) a?+b*+c2+2abc=1
1
Sol. First we evaluate the determinants ! [Ans: (4) @*> + b*> + ¢* + 2abc =1]
1 =1 0 : . 1 —c _b
A =2 3 4:6750, :Hlnt. c -1 al =0
0 1 2 : b a -1
3 1 0 \ = 1[1=a*]+c¢[-c—ab]l—blac+b]=0
1
=1-a’>~c* —abc—abc—-b*=0
A= 17 3 4=12, :
7 1 2 1 2. Let A be a 3 x 3 matrix and B its adjoint
| matrix If |B| = 64, then |A| =
3.0 L () £2 Q) £4 (3) 8 (4 t12
A, = |2 17 4=-6, :Ht s ly
 Hint: A''= —adjA=— [Ans: (3) + 8]
0 7 2 : Al |Al
1 3 I = IAIAT" = B = |AP |AY=|B| =64
1
= AP = 64=|A|=%38
A, = |2 3 17)=24 : . Al Al .
0 1 7 1 3. If A" is the transpose of a square matrix A,
1
X then
By Cramer’s rule, we get x, = A = 12 , : (1) |A[#]A (2) |A]=]AT]
A 6 ! 3) |A|+|AT=0
-2 =6 =1 I (4) |A|=|A"| only when A is symmetric
TN T 6 !
- [Ans: (2) |A] = |AT]]
1
24 1 4. 1If Ais a square matrix that |[A| = 2, than for
BT 6 4. : any positive integer n, |A"| =
! n
So, the solution is (x, =2, x, =1, x,= 4). ! (1) 0 (2) 2n (3) 2 4) n?
| [Ans: (3) 27]
7. If the system of equations px + by + cz = 0, ' Hint : A" = |A"| =|A]|A] ... times
ax +qy+cz =0, ax + by + rz = 9 has a non- | = (2)(2) ... times = 2"
1
trivial solution and p #a, ¢ # b, r# ¢, prove that , 5. IfAis a square matrix of order , then |adj A| =
e q , : (1) A" (2) |A"?(3) |Al"  (4) None
+ + =2 [Hy. - 2023] 1 [Ans: (1) |A]" ]
p-a q-b r-c o _
' Hint : adjA = |A|A™!
Sol. Refer Text Book Example 1.40 l N adjA| = |A]" A=A
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[ cosx sin x]
6. If A= . and A (adj A) = A
—sinx cosx
[1 0] then A is
01
(1) sinxcosx 2) 1
3) 2 (4) none [Ans: (2) 1]
Hint : A (adj A) = [ c?sx sinx) (c?sx —sinx)
—sinx cosx)\sinx cosx
1 0
o )
7. [If Ais a matrix of order m x n, then p(A) is
(1) m (2) n
(3) <min (m,n) (4) =min (m,n)
[Ans: (3) < min ( m,n)]
8. 1If p(A) = r then which of the following is
correct?
(1) all the minors of order » which do not
vanish
(2) ‘A’ has at least one minor of order » which
does not vanish and all higher order minors
vanish
(3) ‘A’ has at least one (r + 1) order minor
which vanish
(4) all (+ 1) and higher order minors should
not vanish
[Ans: (2) ‘A’ has at least one minor of order » which
does not vanish and all higher
order minors vanish]|
9. Which of the following is not an elementary
transformation?
() R, &R, 2) Ri—>2Ri+Rj
3) Cj—>Cj+Cl. 4) Ri—>Rl.+Cj
[Ans: ()R, >R, + Cj]
Il. Fill in the blanks :
1. Every homogeneous System........cceeeeuee
(1) Isalways consistent
(2) Has only trivial solution
(3) Has infinitely many solution

Need not be consistent
[Ans: (1) Is always consistent|

4)

4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
é

2.

3.

4.

5.

6.

@ Sura’s ' Xll Std - Mathematics ™ Volume |
If p(A) # p(JA|B]), then the system is............
(1) consistent and has infinitely many
solutions
(2) consistent and has a unique solution
(3) consistent
(4) inconsistent [Ans: (4) inconsistent]

In the non —homogeneous system of equations
with 3 unknowns if p(A) = p([A|B]) = 2, then
the system has..............

©)
)
3)
“

unique solution

one parameter family of solution

two parameter family of solutions
inconsistent

[Ans: (2) one parameter family of solution]
In a homogeneous system if p(A) = p(JA|0]) <
the number of unknouns then the system

(1) trivial solution

(2) only non — trivial solution

(3) no solution

(4) trivial solution and infinitely many non —
trivial solutions

[Ans: (4) trivial solution and infinitely many

non-trivial solutions]|
In the system of equations with 3 unknowns,
if A=0, and one of A, Ay, A_is non zero then
the system is.......cceeueeeueee
) )

(3) consistent with one parameter family of

Consistent inconsistent

solutions
“4)

consistent with two parameter family of

solutions [Ans: (2) inconsistent]

In the system of liner equations with 3
unknowns if p(A) = p([A|B]) = 1, the system

(1) unique solution (2) inconsistent

(3) consistent with 2 parameter family of

solution

consistent with one parameter family of

solution.

[Ans: (3) consistent with 2 parameter family of
solution]

“4)
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Hint :

Cramer’s rule is applicable only when..........
(1) A#0 2) A=0
(3) A=0,A=0 (4 Ax=Ay=AZ=O
[Ans: (1) A=0]
If A=[2 0 1] then the rank of AAT is ..............
(1 1 22 @33 4 0
[Ans: (1) 1]
2
AAT =[201]]0|=[5]
1
P(AAT) =1
In a square matrix the minor Ml.j and the
co-factor Aij of and element a;are related by

() A,=-M, @ A,=M,
(3) A=CIUM, @) A= DM,
[Ans: (3) A, = (- 1)+ my|

lll. Match the following :

1.

2.

If A is a non - singular matrix of order n, then

List -1 List - IT
. . 2
i. [|adjA] a) ||A|"-D
ii. | adj A)T b) |jAp-!
iii. | adj (adj A) ¢) |adj (AT
iv. [ adj (adj A)| d) |jAr2aA

The Correct match is
(i) () (i) (iv)
(1) a b ¢ d

2) ¢ d a b
3)d a b ¢
4 b ¢ d a

[Ans : (4)i—b ii—c iii—d iv—a]

If A is a non - singular matrix of order n, then
List- I List - II

i. |(adjA)’! a) | (adj B) (adj A)

ii. | (LAY b) [ M adj (A)

iii. | adj (AA) c) |adj (A™)

iv. |adj (AB) d) %A‘l

enquiry@surabooks.com

The Correct match is

(1) (D) (i) (iv)

(1) ¢ d b a
2y a b ¢ d
3) b d a

C
4 c a b d
[Ans : (1)i—c ii—d iii—b 4-a]

List -1 List - II
i. [(AD! (a) |A
ii. |A(adjA) (b) [(ATHT
iii. [ (AB)! (©) |IAl L
iv. [(A ! (d) |B'A!

The Correct match is
(1) () (i) (iv)
(1) b ¢ d a

2y a b ¢ d
3)c d a b
@b a ¢ d

[Ans: (1)i—b ii—c iii—d iv—a]

IV. Choose the odd man out :

1.

The rank of any 3 x 4 matrix is
(1) Maybe 1 (2) May be 2
(3) May be 3 (4) May be 4
[Ans: (4) May be 4]

Hint: [p(A) <min (3, 4)= p(A) <3 and it cannot be 4]

2.

If A is symmetric then
(1) AT=A

(2) adj A is symmetric
(3) adj (A) = (adj A)"
(4) Ais orthogonal

Hint:[ 1, 2, 3 are properties of symmetric matrix|

3.

[Ans: (4) A is orthogonal]

If A is a non-singular matrix of odd order
then

(1) Orderof Ais2m+ 1

(2) Order of Ais2m +2

(3) |adj A] is positive (4) |A]=0
[Ans: (2) Order of A is 2m + 2]

Hint: (2m + 2) is even
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4. A matrix which is obtained from an identity
matrix by applying only one elementary
transformation is

(1) Identity matrix
(2) Elementary matrix
(3) Square matrix
(4) Equivalent to identify matrix
[Ans: (1) Identity matrix|
V. Choose the incorrect answer :

1. 1In an echelon form which of the following is
incorrect ?

(1) Every row of A which has all its entries 0
occurs below every row which has a non-
Zero entry.

(2) The first non-zero entry in each non-zero
row is 1

(3) The number of zeros before the first non-
zero element in a row is less than the number
of such zeros in the next row

(4) Two row can have same number of zeros
before the first non-zero entry

[Ans: (4) Two row can have same number
of zeros before the first non-zero entry]|
2. ItAis an invertible matrix, then which of the
following is not true.
(1) (A=A @) AT = Al
3) (A=A @ |Al#0
[Ans: (1) (A) = (A7)
5 10 3
3. The matrix| -2 -4 6| is a singular
-1 -2 x
matrix if the value of x is
(1) 3 (2) non- existent
(3) All values of x (4) None
[Ans: (3) All values of x|

1. Find the inverse of the non-singular matrix
0 5
A= { 1 6} , by Gauss Jordan method.

Sol. Applying Gauss — Jordan method, we get

<] © 5 O _RoR, -1 6o
21 60 1 0 51 0

L e el e e e

R,—>(-DR, 1 -6/0 -1
0 51 0
1
R,—>-xR 0 -1
2 5 2 1 _6 1
0 1 (—) 2
5
R,—>R,+6R, |1 O\5
Y
5
R
R,—>R,+6R, 5 116 -5
So,wegetAl= ———— > ) =351 o
=1 o
5
& . 10 0

2. For any 2 X 2 matrix, if A (adj A) = 1
then find |A]. 0 10

Sol. Gi Ad'A-lOO—lolo 1

ol. GivenA (adjA)= 0 101° 0 1 (1)
We know A (adj A) = (adj A) A= |A] .1, ..(2)
Comparing (1) and (2), we get |A| = 10.

3. Show that the equations 3x + y + 97 = 0,
3x+2y+12z=0and 2x +y + 77 =0 have non-
trivial solutions also.

Sol. The matrix form of the system is

31 9 «x 0
3 2 12{y[=10
2 1 7|z 0
AX =B where
31 9 X 0
A=13 2 12,X=y,B=O
2 1 7 z | 0
31 9
2 12 3 12 3 2
Al=]3 2 12=3 ~1 19
21 7 1 7 2 7 2 1
=3(14-12)-121-24)+9(3 4
=312)-1(3)+9(1)
=6+3-9=9-9=0
Since |A| = 0, the homogeneous system of
equations have non-trivial solutions also.

4. For the matrix A, if A3 =1, then find Al

Sol. Given A’ =1
Pre multiply by A~! we get,

ATTAS =A1
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Sol.

Sol.

= (ALAA? =A"! [-ATTI=AT
= LA%2 =A" [-ATA=T]
= A? =A" [ LA2=A?]
AT = A2
Show that the system of equations is
inconsistent. 2x + S5y =7, 6x + 15y = 13.
Augmented matrix
2 5|7 — 2 517
[AB]= R,—>R,-3R, N
6 1513 0 0]-8
Here p(A) =1 and p([A|B]) =2
“. p(A) % p([AIB])
Hence the system is inconsistent,
Find k if the equations x + 2y + 27 = 0,
x—-3y—-3z=0,2x + y + kz = 0 have only the
trivial solution.
Matrix form of the given system of equations is
1 2 2|x 0
1 -3 3|y(=|0
2 1 ki:z 0
1 2 2
AX=BwhereA=|1 -3 -3
2 1 k
Homogeneous system of equations has trivial
solution only if |A| # 0.
1 2 2
A1 =3 3 zo0.
2 1 k
Expanding along R,
-3 3 1 -3 1053
1 -2 +2 #0.
1 k 2k 2 1
=1(3k+3)-2(k+t6)+2(1+6)#0
= 3k+3-2k-12+14#0
-5
= 5k+54#£0= -5k 5=kt —=1
— k1 =
For what value of 7 will the system tx + 3y —z=1,
x+2y+z=2,—tx+y+2z=-1fail to have
unique solution?
t -1
2 1 1 1) |1 2
A=|1 1| =t -3 -
1 2 -t 2 |-t 1
—t 2
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4
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

¢

Sol.

Sol.

=t(@4-1)-32+0-1(1+20)
=3t-6-3t—1-2t=-7-2¢t
The system will fail to have unique solution if

-7
A=O:>7772t=0:>72t=7:»t=7

-7
Sot= .
2
Under what conditions will the rank of the
1 0 0]
0 h-2 2
matrix 0 0 hi2 be less than 3?
0 0 3]
['1 0 0
LetA = |0 h-2 2
0 0 h+2
0 0 3

The rank of A will be less than 3 if every minor
of order 3 vanishes

1 0 O
0 h=2 0 =0
0o o0 3
h-2 0
=1 3+0+0:0:>3(h_2):0
= h-2=0=h=2.

5 MARKS

Using determinants, find the quadratic
defined by f(x) = ax? + bx + ¢, if f{1) = 0,
f(2) =-2 and £{3) = —6.

Given fix) = ax> +bx + ¢
f1) =0=a(1)*+b(1)+c=0
= atb+tc =0 (D)
f2) = 2=aR)+bQ)+c=-2
= 4a+2b+c = 2 ..(2)
f(3) =6
= a(3?)+b3)+c = —6
= 9a+3b+c = —6 ...(3)
1 11
A =42 1:1‘2 1‘_1‘4 1‘+1‘4 2‘
310 914 |9 3
9 31

1(2-3)-1(@4-9)+1(12-18)
—1+5-6=-2%#0
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Sol.

’
o 11 -2 1 1—2 2l
= |— =0— +
A, 2 2 11=0-1 6 1| |6 3
-6 3 1 |
= 1 (2+6)+1(-6+12) :
=-1@+1(6)=2 |
101 :
-2 1 4 2/
A, =4 2 1=1‘ ‘+0+1‘ ‘-
— — 1
9 6 1 6 1 2 -9 |
= +1(2+6)+1(24+18)=4-6=—2 ,
11 0 I
A =42 2 :1‘2 —2‘_1‘4 —2‘ !
3 -6/ |9 -6 !
9 3 -6 !
= 1(-12+6)-1(-24+18)=-6+6=0 !
.. By Cramer’s rule, I
1
A2 -
a = A = i) - :
A, -2 !
b="3=571 :
A :
c=A"3 =0 |
S fix) = DX+ 1x+0 !
= fix) = x> +x :
The sum of three numbers is 20. If we |
multiply the third number by 2 and add the |
first number to the result we get 23. By adding !
second and third numbers to 3 times the first ,
number we get 46. Find the numbers using |
Cramer's rule. !
1
Let the required numbers be x, y and z 1
By the given data, |
x+y+z =20 (1)
2z +x =23 =>x+2z=23 ..(2) !
y+z+3x =46 = 3x+ty+z=46..03)
1
I 11
acli o ol =10 oyt it 0 :
= = — —+
11 po1 o :
31 1 I
=2+5+1=4 !
1
1
é

seaes

Sol. Augmented matrix [A[B] is

20 1
A=1[23 0
46 1

N —
Il

11 a6 1] Ja6 1
= —40+69 +23 =52

0 2 23 2 23 0
20 - +1

[a—

1 20 1

A= 11 23 221‘

23 2 1 2 1 23
-20 +1
46 1 3 1 |3 46

%)
N
N
p—

= —-69+100-23=28

0 23 1 23
1 46/ [3 46

= -23+23+20=20

0 23=1
31

‘_1

1 0
+20‘ ‘

A _20_

y= =—=2andz=—= 5.

A 4 A 4

Hence the required numbers are 13, 2 and 5.

Show that the equations —2x + y + 7 = a,
x—2y+z=>b,x+y—2z=c are consistent only
ifa+b+c=0.

2 1 1a
12 1b
1 1-2le

12 1b

N Y LS S TN R S T

—2|c

R,>R,+2R,

R;—R,-R,

12 1 b
>0 -3 3la+2b
0 3 -3 c-b
12 1 b
0 -3 3| c+2b

0 O Ola+b+c

R, >R;+R,

Here p(A) =2
The given system is consistent only when
p([AB]D) =2 p([AIB])=2onlyifa+b+c=0

Hence proved.
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