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(ii)

12« tF¥ã‰fhd RuhÉ‹ fÂjÉaš tÊfh£oia 

btËÆLtâš bgUÄjK« k»œ¢áí« mil»nwh«. 

fÂjÉaš  ghl§fS¡fhd Édh ÉilfŸ Äfî« 

vËikahf, Rygkhf òÇªJbfhŸS« Éj¤âš 

ju¥g£LŸsd.

RuhÉ‹ fÂjÉaš  tÊfh£o khzt®fË‹ 

v š y h ¤  n j i t f i s í «  f U ¤ â š  b f h © L 

cUth¡f¥g£LŸsJ. ghlüiy e‹F kâ¥ghŒî 

brŒJ khzt®fŸ všyh¥ ghl§fisí« btFthf 

c£»u»¤J m¿ªJbfh©L nj®it Rygkhf vGâ 

mâf kâ¥bg©fis¥ bg‰W bt‰¿ahs®fshF« 

Éj¤âš, ekJ bt‰¿¡fhd ïªj tÊfh£o 

jahÇ¡f¥g£LŸsJ.

MáÇa®fS¡F ghl« el¤JtâY«, khzt®fS¡F¡ 

f‰W¡bfhŸtâY« ïªj tÊfh£o Jizahf 

ïU¡F«.

m u R  b g h J ¤  n j ® î ¡ f h d  ò â a  k â ¥ Õ £ L 

KiwÆš 100 kâ¥bg©fŸ  totik¥ãš,  

90 kâ¥bg©fS¡fhd vG¤J¤ nj®É‹ 

É d h ¤ j h Ÿ  m o ¥ g i l Æ š  e k J  t Ê f h £ o 

cUth¡f¥g£LŸsjhš, nj®îfis Äf¢ rÇahd 

Éj¤âš vâ®bfhŸsyh«.

ekJ RuhÉ‹ fÂjÉaš  tÊfh£oÆš ïJ 

ngh‹w gy áw¥g«r§fŸ ml§»ÆUªjhY«, 

fÂjÉaš ghl¤ij khzt®fŸ òÇªJbfhŸs 

cjÉL« MáÇa®fË‹ gÂí« kf¤jhdJ v‹gij 

kW¥gj‰»šiy.

MáÇa®fË‹ f‰W¤jU« gÂÆš cWJizahfî«, 

khzt®fŸ ghl§fis¡ f‰F« Éj¤âš C¡f« jU« 

tifÆY« ekJ tÊfh£o âfG« vd e«ò»nwh«.

ïiwaUis nt©L»nwh«.
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K¡»a tiuaiwfŸ

	 |A |≠ 0, vÅš A xU ó¢áak‰w nfhit mÂ k‰W«  y |A| = 0, vÅš A xU ó¢áa¡nfhit mÂ.

	 A-‹ ïiz¡fhuÂ mÂÆ‹ Ãiu Ãuš kh‰W mÂ  A-‹ nr®¥ò mÂ vd tiuaW¡f¥gL»wJ 

(adj  A).
	 AB = BA = In, vÅš mÂ B A-‹ ne®khW mÂ vd¥gL«.

	 xU rJu mÂ¡F ne®khW ïU¥ã‹ mJ xUik¤j‹ik thŒªjjhF«.
	 A  xU ó¢áak‰w¡ nfhit mÂ vÅš k£Lnk A–1 fhz ïaY«.

	 ó¢áa¡ nfhit mÂ¡F ne®khW fhz ïayhJ.

	 A  v‹gJ ó¢áak‰w¡ nfhit mÂ k‰W«  AB = AC vÅš, B = C (ïlJ Ú¡fš Éâ).

	 A v‹gJ ó¢áak‰w nfhit mÂ k‰W« BA = CA vÅš, B = C (tyJ Ú¡fš Éâ).

	 A k‰W« B  v‹gd n, tÇiríila ó¢áak‰w nfhit mÂfŸ vÅš 
        (adj AB) = (adj  B) (adj  A)
	 xU rJu mÂ A-¡F   AAT = ATA = I·vÅš, A MdJ br§F¤J mÂ vd¥gL«.

	 A, B v‹w ïU xnu tÇiríila mÂfËš VjhtJ X® mÂia bjhl¡fÃiy cUkh‰w§fŸ 

_y« k‰w mÂahf¥ bgw KoíbkÅš, Aí« Bí« rkhd mÂfŸ v‹wiH¡f¥gL« (A∼B).
	 x® mÂÆš mid¤J ó¢áa ÃiufS« mÂÆ‹ mo¥gFâ Ãiufshf mikªJ, vªjbthU 

ÑœtÇir - ÃiuÆ‹ Kjš ó¢áak‰w cW¥ghdJ mªÃiu¡F nkyhf mikªJ ÃiufŸ 

x›bth‹¿‹ Kjš ó¢áak‰w cW¥ã‰F tyJòwkhf mikªjhš m›tÂahdJ Ãiu - VWgo 

toÉš ïU¡F«.

	 X® mÂ A- ï‹ ju« v‹gJ mj‹ ó¢áak‰w á‰wÂ¡ nfhitÆ‹ c¢r tÇirahF« [r(A)].
	 Ãiu VWgo toÉYŸs X® mÂÆ‹ mÂ¤ju« m¥ó¢áa ÃiufË‹ v©Â¡ifahF«. 
	 X® myF mÂÆš xnu xU bjhl¡f Ãiy cUkh‰w¤âdhš »il¡F« mÂia bjhl¡f Ãiy 

mÂ vd tiuaW¡f¥gL»wJ. xU tÇir¡»ukkhd bjhl¡fÃiy¢ braÈfis¡ bfh©L 

x›bthU ó¢áak‰w nfhit mÂÆid X® myF mÂahf cUkh‰w« brŒayh«.

	 XU neÇa¢ rk‹gh£L¤ bjhF¥ghdJ FiwªjJ xU Ô®î bg‰¿Uªjhš, bjhF¥ghdJ 

xU§fikîilaJ vd¥gL«.

 xU Ô®î Tl bgwÉšiybaÅš bjhF¥ghdJ xU§fikt‰wJ vd¥gL«.

1
m¤âaha«

mÂfŸ k‰W« 

mÂ¡nfhitfË‹ 

ga‹ghLfŸ
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�  RuhÉ‹ ✤ 12 - M« tF¥ò  - fÂjÉaš  ✤ bjhFâ 1 ✤ m¤âaha«  - 14

ÃidÉš bfhŸs nt©oa N¤âu§fŸ

	 aij -‹ ïiz¡fhuÂ Aij = (–1) i + j aij, ïij 
Mij -‹ á‰wÂ¡nfhit Mij.

	 x›bthU  n tÇiríila rJu mÂ A-É‰F«,  
A (adj  A) = (adj  A)A= |A| In .

        AA–1 = A–1 A  = In
	 A  v‹gJ ó¢áak‰w¡ nfhit mÂ vÅš

(i)	 |A–1| = 
1
A

(ii)	 (AT)–1 = (A–1)T

(iii)	 (lA–1) = 
1
λ

 A–1ï§F λ v‹gJ 

ó¢áak‰w âirÆÈ.

ne®khWfË‹ tÇir kh‰W Éâ :

	 (AB)–1 = B–1 A–1ï§F A k‰W« B·v‹gd 

ó¢áak‰w nfhit mÂfŸ xnu 

tÇiríilaitfŸ

	 ïu£o¥ò ne®khW Éâ   

	 A v‹gJ ó¢áak‰w¡ nfhit mÂ vÅš 
A–1 í« ó¢áak‰w nfhit mÂ k‰W«  
(A–1)–1 = A.

	 A v‹gJ n tÇiríila ó¢áak‰w¡ nfhit 

mÂ vÅš,

(i)	 (adj  A)–1 = adj  (A–1) = 
1
A

·A
(ii)	 |adj  A | = |A|n–1

(iii)	 adj  (adj  A) = |A|n – 2A

(iv)	 adj  (lA) = ln – 1 adj  (A) ï§F l v‹gJ 

ó¢áak‰w âirÆÈ

(v)	 |adj (adj  A)| = |A|(n – 1)2

(vi)	 (adj  A)T = adj  (AT)
	 X® mÂÆš FiwªjJ xU ó¢áak‰w cW¥ò 

ïU¥ã‹ ρ(a) ≥ 1.
	 myF mÂ In -‹ ju« n MF«.
	 A-‹ tÇir m × n vÅš r(A) ≤ { m, n}- ‹ 

Û¢áW.
	 n  tÇiríila xU rJu mÂ¡F ne®khW 

fhz¤ njitahd k‰W« nghJkhd Ãgªjid 
r(A) = n.

	 bjhl¡f Ãiy¢ braÈfŸ _y«  A v‹w 

ó¢áak‰w¡ nfhit mÂia, In tot¤â‰F 

cUkh‰WtJ fh° n#h®l‹ KiwahF«.

ne®khW mÂ fhzš Kiw :

	 AX = B ¡fhd Ô®î X = A–1 B ï§F A k‰W« 
B xnu tÇiríila rJu mÂfŸ k‰W« 

ó¢áa¡ nfhit mÂ.

»uhkÇ‹ Éâ :

	 D = 0, vÅš »uhkÇ‹ Éâia ga‹gL¤j 

ïayhJ,  x1 = 
∆
∆

1 , x2 = 
∆
∆

2 , x3 = 
∆
∆

3

fh°Ìa‹ Ú¡fš Kiw :

neÇa¢ rk‹ghLfË‹ bjhF¥ã‹ 

ÉÇî¥gL¤j¥g£l mÂia VWgo tot¤â‰F 

cUkh‰¿ ã‹ò ã‹ndh¡»f¥ ãuâÆlš _y« 

Ô®î fh©gjhF«.

%¢á - fbgšÈ nj‰w« :

AX = B v‹w rk‹ghLfË‹ bjhF¥ghdJ 

xU§fikî cilaj‰F r(A) = r([A|B]) 
vÅš k£L«.

(i)	� r(A) = r([A|B]) = n, kh¿fËš 

v©Â¡if, bjhF¥ghdJ xU§fikî 

cilaJ k‰W« xnu Ô®it 

bfh©oU¡F«.

(ii)	� r(A) = r([A|B]) = n – k , k ≠ 0 vÅš 

bjhF¥ò xU§fikî cilaJ 

k‰W« v©Â¡ifa‰w Ô®îfis 

bfh©oU¡F«.

(iii)	 r(A) ≠ r([A|B]), vÅš bjhF¥ò 

xU§fikî m‰wJ k‰W« Ô®î ïšiy.
rk¥go¤jhd neÇa¢ rk‹ghLfŸ 

bjhF¥ò :

(i)	� r(A) = r([A|B]) = n, bjhF¥ò xnu 

xU Ô®it bfh©oU¡F«, mJ 

btË¥gilahd Ô®thF«, |A| ≠ 0.

(ii)	� r(A) = r([A|O]) < n, btË¥gila‰w 

Ô®îfis bfh©oU¡F«.

	 btË¥gila‰w Ô®î¡F, |A| = 0.

	 A–1 = ± 
1

adj A
·adj A 

	 A = ± 
1

adj A
·adj (adj A)
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 RuhÉ‹ ✤ 12 - M« tF¥ò  ✤ mÂfŸ k‰W« mÂ¡nfhitfË‹ ga‹ghLfŸ 5

gÆ‰á  1.1

1.	 ã‹tU« mÂfS¡F¢ nr®¥ò mÂ 

fh©f: 

	 (i) 
−









3 4
6 2

 (ii) 
2 3 1
3 4 1
3 7 2

é

ë

ê
ê
ê

ù

û

ú
ú
ú
(iii) 

1
3

2 2 1
2 1 2

1 2 2
−

−

















Ô®î :	(i)	 A	 =	
−





3 4
6 2

 v‹f.

					    adj  A	 =	 2 4
6 3

−
− −







	 [Kj‹ik _iyÉ£l cW¥òfis ïlkh‰w 

k‰W« _iyÉ£lkšyhj cW¥òfË‹ F¿ia 

kh‰Wf] 

	 (ii)			   A	 =	
2 3 1
3 4 1
3 7 2















 v‹f.

	 adj  A	 =	

+ +

+

+ +

æ

è

ç
ç
ç
ç
ç
ç
ç
ç

ö

ø

÷
4 1
7 2

3 1
3 2

3 4
3 7

3 1
7 2

2 1
3 2

2 3
3 7

3 1
4 1

2 1
3 1

2 3
3 4

_

_ _

_

÷÷
÷
÷
÷
÷
÷
÷

T

=

+ -( ) - -( ) + -( )
- -( ) + -( ) - -( )
+ -( ) - -( ) + -( )

é 8 7 6 3 21 12

6 7 4 3 14 9

3 4 2 3 8 9ëë

ê
ê
ê

ù

û

ú
ú
ú

T

= 
1 3 9
1 1 5
1 1 1

−
−

− −

















T

 

	 adj  A	 =	
1 1 1
3 1 1
9 5 1

−
−

− −

















  

	 (iii)		  A = 	
2 2 1
2 1 2
1 2 2

−
−

















·v‹f. k‰W« l  =	
1
3

		  adj  (lA) 	 =	ln – 1(adj  A) Mjyhš

	 	  adj  1
3

2 2 1
2 1 2
1 2 2

−
−































 = 
1
3

2





		 adj  
2 2 1
2 1 2

1 2 2
-

-

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

	 \ njitahd mÂÆ‹ nr®¥ò

	 = 
1
9

 

+
-

-
-

+
-

-

-
-

+ -
-

+ -
-

+
-

é

ë

ê
ê
ê

1 2
2 2

2 2
1 2

2 1
1 2

2 1
2 2

2 1
1 2

2 2
1 2

2 1
1 2

2 1
2 2

2 2
2 1

êê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

T

	 = 
1
9  

2 4 4 2 4 1

4 2 4 1 4 2

4 1 4 2 2 4

+( ) - - -( ) + -( )
- +( )+ -( ) - - -( )
+ -( ) - +( ) + +( )

é

ë

ê
êê
ê

ù

û

ú
ú
ú

T

	 = 
1
9

 
6 6 3
6 3 6

3 6 6
−

−

















T

= 
1
9

 
6 6 3
6 3 6
3 6 6

−
−

















	 = 
3
9

 
2 2 1
2 1 2
1 2 2

−
−

















	 [x›bthU tÇirÆY« 3 I bghJÉš vL¡f]

	 = 1
3

 
2 2 1
2 1 2
1 2 2

−
−

















2.	 ã‹tU« mÂfS¡F ne®khW (fhz 

KoíbkÅš) ne®khW fh©f:

	 (i) 
−

−










2 4
1 3

   (ii) 
5 1 1
1 5 1
1 1 5

















  (iii) 
2 3 1
3 4 1
3 7 2

















Ô®î :	 (i)	 A	 =	
−

−










2 4
1 3

 v‹f

			   |A|	 =	
−

−
2 4

1 3
 = 6 – 4 = 2 ¹ 0

	 A ó¢áak‰w¡ nfhit mÂ Mjyhš A–1  
fhzyh«.

		  A–1	 =	
1
A

 adj  A

		 ï§F adj  A	 =	
- -
- -

é

ë
ê

ù

û
ú

3 4
1 2

	 [Kj‹ik _iyÉ£l cW¥òfis ïlkh‰w« 

k‰W« _iyÉ£l¤âš ïšyhj cW¥òfË‹ 

F¿ia kh‰Wf]

		  \ A–1	 =	
1
2

3 4
1 2

- -
- -

é

ë
ê

ù

û
ú
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	 (ii)		  A	 =	
5 1 1
1 5 1
1 1 5

é

ë

ê
ê
ê

ù

û

ú
ú
ú

 v‹f.

	 R1 _y« ÉÇîgL¤j,

		  |A|	 =	 5
5 1
1 5

1
1 1
1 5

1
1 5
1 1

- +

			   =	 5 (25 – 1) –1 (5 – 1) + 1 (1 – 5)
			   =	 5 (24) – 1 (4) + 1 (– 4 )
			   =	 120 – 4 – 4 = 120 – 8 = 112 ¹ 0

	 A xU ó¢áak‰w¡ nfhit vÅš A–1 rh¤âa«.

		  adj  A	 =	

+ - +

- + -

+ - +

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
5 1
1 5

1 1
1 5

1 5
1 1

1 1
1 5

5 1
1 5

5 1
1 1

1 1
5 1

5 1
1 1

5 1
1 5

úú
ú
ú
ú
ú
ú
ú

T

		  	 =	

+ -( )- -( )+ -( )
- -( )+ -( )- -( )
+ -( )- -( ) + -( )

é 25 1 5 1 1 5

5 1 25 1 5 1

1 5 5 1 25 1ëë

ê
ê
ê

ù

û

ú
ú
ú

T

			   =	
24 4 4

4 24 4
4 4 24

− −
− −
− −

















T

= 
24 4 4

4 24 4
4 4 24

− −
− −
− −

















	 x›bthU cW¥ãÈUªJ« 4 I bghJÉš vL¡f,

	 adj  A = 4
6 1 1

1 6 1
1 1 6

- -
- -
- -

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 \ A–1 = 1
A

 adj  A = 
1

112
·4 

6 1 1
1 6 1
1 1 6

- -
- -
- -

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 = 
1
28

 
6 1 1
1 6 1
1 1 6

- -
- -
- -

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 (iii)	 A	 =	
2 3 1
3 4 1
3 7 2

é

ë

ê
ê
ê

ù

û

ú
ú
ú

·v‹f.

	 R1 _y« ÉÇîgL¤j »il¥gJ,

		  |A|	 =	 2
4 1
7 2

3
3 1
3 2

1
3 4
3 7

- +

			   =	 2 (8 – 7) – 3 (6 – 3) + 1 (21 – 12)
			   =	 2 (1) – 3(3) + 1 (9)
			   =	 2 9 9- +  = 2 ≠ 0

	 A xU ó¢áak‰w¡ nfhit mÂ Mjyhš A–1 
rh¤âa«

		  adj  A	 =	

+ − +

− + −

+ − +



















4 1
7 2

3 1
3 2

3 4
3 7

3 1
7 2

2 1
3 2

2 3
3 7

3 1
4 1

2 1
3 1

2 3
3 4









T

=

+ -( )- -( )+ -( )
- -( )+ -( )- -( )
+ -( )- -( )+ -( )

é 8 7 6 3 21 12

6 7 4 3 14 9

3 4 2 3 8 9ëë

ê
ê
ê

ù

û

ú
ú
ú

T

=
1 3 9
1 1 5
1 1 1

−
−

− −

















T

		  adj  A	 =	
1 1 1
3 1 1

9 5 1

-
-

- -

é

ë

ê
ê
ê

ù

û

ú
ú
ú

		 ï§F, A–1	 =	
1
A  adj  A

	 ⇒ 	 A–1	 =	
1
2

 
1 1 1
3 1 1
9 5 1

−
−

− −

















3.	 F (a) =
cos 0 sin

0 1 0
sin 0 cos

α α

α α−

















vÅš, 

	 [F(a)]–1 = F(– a) vd¡fh£Lf.� [Hy - 2019]

Ô®î :	F (a) = 

cos sin

sin cos

a a

a a

0
0 1 0

0-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

ju¥g£lJ.

	 R1 _y« ÉÇîgL¤j »il¥gJ,

	 |F(a)| = cos a 
1 0
0 cosα

– 0 + sin a
0 1

0−sin α
	 = cos a (cos – 0) + sin a ( 0 + sin a)
	 = cos2 + sin2 a = 1≠ 0
	 F (a) xU ó¢áak‰w¡ nfhit mÂ Mjyhš, 

[F(a)]–1 fhzyh«.
	 ï§F, adj  (F(a)) = 

	

+ - +
-

- +
-

-

1 0
0

0 0 0 1
0

0
0

cos cos

cos
cos

cos

a a a a

a
a

a a
a a

sin sin

sin sin
sin

ccos

cos cos

a
a

a a a a

0
0

0
1 0 0 0

0
0 1

-

+ - +

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú

sin

sin sin
úú

T
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= 

+ -( ) -( ) + +( )
-( ) + +( ) - ( )
+ -( ) -( ) +

cos sin

cos sin

sin

a a

a a

a

0 0 0

0 0

0 0

2 2

ccos-( )

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú0

T

	 = 
cos sin

sin cos

a a

a a

0
0 1 0

0

+

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

T

= 
cos sin

sin cos

a a

a a

0
0 1 0

0

-

+

é

ë

ê
ê
ê

ù

û

ú
ú
ú

			  	 \ F(a)–1	=	
1

F( )a
 adj  (F(a))

	 			  F a( )[ ]-1 	=	
1
1

 
cos sin

sin cos

a a

a a

1
0 1 0

0

-

+

é

ë

ê
ê
ê

ù

û

ú
ú
ú

					   =	
cos sin

sin cos

a a

a a

0
0 1 0

0

-é

ë

ê
ê
ê

ù

û

ú
ú
ú

� ...(1)

			  ï§F, F(– a)	=	
cos ( ) sin ( )

sin ( ) cos ( )

- -

- - -

é

ë

ê
ê
ê

ù

û

ú
ú
ú

a a

a a

0
0 1 0

0

					   =	
cos sin

sin cos

a a

a a

0
0 1 0

0

-é

ë

ê
ê
ê

ù

û

ú
ú
ú

� ...(2)

	 [ cosa xU ïu£il¢ rh®ò, cos (–a) = cos a 
k‰W« sina xU x‰iw¢ rh®ò, sin(–a)= –sina]

	 (1) k‰W« (2)ÈUªJ

				   [F(a)]–1	=	 F (–a)�vdnt Ã%ã¡f¥g£lJ.

4.	 A=
5 3
1 2− −









 vÅš, A2 – 3A – 7I2 = O2 

vd¡fh£Lf. ïj‹ _y« A–1 fh©f.

Ô®î :	bfhL¡f¥g£l A = 
5 3
1 2- -

é

ë
ê

ù

û
ú

	 A2 = 
5 3
1 2− −









  

5 3
1 2- -

é

ë
ê

ù

û
ú  = 

25 3 15 6
5 2 3 4

- -
- + - +

é

ë
ê

ù

û
ú

	      = 
22 9

3 1−








 � \ A2 – 3A – 7I2

	 =	
22 9

3 1−








  –3 

5 3
1 2− −









  –7 

1 0
0 1

é

ë
ê

ù

û
ú

	 =	
22 15 7 9 9 0

3 3 0 1 6 7
- - - +

- + + + -
é

ë
ê

ù

û
ú  = 

0 0
0 0

é

ë
ê

ù

û
ú  = O2

	 vdnt Ã%ã¡f¥g£lJ.

	 \ A2 – 3A – 7I2	=	 0
	 ã‹òwkhf  A–1 Mš bgU¡f »il¥gJ,
	 A2. A–1 – 3AA–1 – 7I2 A

–1 = 0.A–1

	 ⇒	 A(AA–1) – 3 (AA–1) –7(A–1) = 0
	�  [ I2 A

–1 = A–1 k‰W« | (0)A–1 = 0]
	 ⇒		 AI – 3I – 7A–1 = 0 � [ AA–1 = I]
	 ⇒	 AI – 3I	=	7A–1 ⇒A–1=

1
7

 [A – 3I]  [ AI = A]

	 ⇒	 A–1	=	
1
7

5 3
1 2

3
1 0
0 1− −









 −





















	 ⇒	 A–1	=	
1
7

5 3 3 0
1 0 2 3

− −
− − − −









 = 

1
7

2 3
1 5− −











			  \A–1	=	
1
7

 
2 3
1 5− −











5.	 A = 
1
9

8 1 4
4 4 7
1 8 4

−

−

















vÅš, A–1 = AT ÃWîf.

Ô®î :		 A–1	 =	 AT vd ÃWt nt©L«.

			   AA–1	 =	 AAT

	 AAT = I vd ÃWÉdhš nghJ«.

	 AAT  = 
1
9

8 1 4
4 4 7
1 8 4

-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

 1
9

-
-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

8 1 4
1 4 8
4 7 4

	 = 
1
81

64 1 16 32 4 28 8 8 16
32 4 28 16 16 49 4 32 28
8 8 16 4 3

+ + - + + - - +
- + + + + - -
- - + - 22 28 1 64 16+ + +

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 = 
1
81

81 0 0
0 81 0
0 0 81

é

ë

ê
ê
ê

ù

û

ú
ú
ú
=

81
81

1 0 0
0 1 0
0 0 1

é

ë

ê
ê
ê

ù

û

ú
ú
ú
=

1 0 0
0 1 0
0 0 1

é

ë

ê
ê
ê

ù

û

ú
ú
ú
 = I

	 vdnt A–1 = AT

6.	 A=
8 4
5 3

−
−









 , vÅš A(adj A) = (adj A)A = |A| 

I2 v‹gij¢ rÇgh®¡f.� [br¥. - 2020; Mf°£ - 2021]

Ô®î :	 	 bfhL¡f¥g£l A	 =	
8 4

5 3
-

-
é

ë
ê

ù

û
ú

			   adj A	 =	
3 4
5 8

é

ë
ê

ù

û
ú

	 [Kj‹ik _iyÉ£l cW¥òfis ïlkh‰w 

k‰W« _iyÉ£l¤âš ïšyhj cW¥òfË‹ 

F¿ia kh‰w]
		  |A|	 =	 24 – 20 = 4
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		  \ A (adj  A)	 =	
8 4

5 3
3 4
5 8

-
-

é

ë
ê

ù

û
ú

é

ë
ê

ù

û
ú

		  = 
24 20 32 32

15 15 20 24
- -

- + - +
é

ë
ê

ù

û
ú  = 

4 0
0 4

é

ë
ê

ù

û
ú � ...(1)

		  (adj  A) (A)	 =	
3 4
5 8

8 4
5 3

é

ë
ê

ù

û
ú

-
-

é

ë
ê

ù

û
ú

	 = 
24 20 12 12
40 40 20 24

- - +
- - +

é

ë
ê

ù

û
ú  = 

4 0
0 4

é

ë
ê

ù

û
ú � ...(2)

	 	 |A| I2= 4
1 0
0 1

é

ë
ê

ù

û
ú 	 =	

4 0
0 4

é

ë
ê

ù

û
ú � ...(3)

	 (1), (2)  k‰W« (3)ÈUªJ,  
		  A (adj A)	 =	 (adj  A) A = |A| I2
	 vd Ã%ã¡f¥g£lJ.

7.	 A=
3 2
7 5









 k‰W« B= 

− −









1 3
5 2

vÅš  

(AB)–1  = B–1 A–1 v‹gij¢ rÇgh®¡f.

Ô®î :	bfhL¡f¥g£lA=
3 2
7 5

é

ë
ê

ù

û
ú k‰W« B= 

- -é

ë
ê

ù

û
ú

1 3
5 2

	 AB = 
3 2
7 5

1 3
5 2

é

ë
ê

ù

û
ú

- -é

ë
ê

ù

û
ú  = 

- + - +
- + - +

é

ë
ê

ù

û
ú

3 10 9 4
7 25 21 10

				   		  =	
7 5

18 11
-
-

é

ë
ê

ù

û
ú

	 |AB|	 =	 –77 + 90 =13 ≠ 0 ⇒ (AB)–1 fhzyh«

	 |A|	 =	 15 – 14 = 1 ≠ 0 ⇒ A–1 fhzyh«

	 |B|	 =	 –2 + 15 = 13 ≠ 0 ⇒ B–1 fhzyh«

	 (AB)–1	 =	
1

AB  adj (AB) = 
1

13
11 5
18 7

-
-

æ

è
ç

ö

ø
÷ � ...(1)

	 B–1	 =	
1
B

adjB( ) (adj  B) = 
1

13
2 3
5 1- -

æ

è
ç

ö

ø
÷

	 A–1	 =	
1
A

adjA(adj A)=
1
1

5 2
7 3

-
-

æ

è
ç

ö

ø
÷ = 

5 2
7 3

-
-

æ

è
ç

ö

ø
÷

	 \ B–1 A–1	 =	
1

13
2 3
5 1

5 2
7 3- -

æ

è
ç

ö

ø
÷

-
-

æ

è
ç

ö

ø
÷

		  =	
1

13
10 21 4 9

25 7 10 3
- - +

- + -
æ

è
ç

ö

ø
÷ = 

1
13

11 5
18 7

-
-

æ

è
ç

ö

ø
÷ �

� ...(2)
	 (1) k‰W« (2) ÈUªJ 

	 (AB)–1	 =	 B–1 A–1. vd Ã%ã¡f¥g£lJ.

8.	 adj (A) = 
2 4 2
3 12 7
2 0 2

−
− −
−

















vÅš A - I fh©f.
	 � [ãoV - 6]

Ô®î :	bfhL¡f¥g£l adj  A = 
2 4 2
3 12 7
2 0 2

-
- -
-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 A = ±
1

adjA
.adj  (adj  A) vd m¿nth«� ...(1)

	 |adj  A| = 2 
12 7
0 2

4
3 7
2 2

2
3 12
2 0

-
+

- -
-

+
-
-

� [R1 _y« ÉÇîgL¤j¥g£lJ]

		  =	 2 (24 – 0) + 4 (– 6 – 14) + 2 (0 + 24)
		  =	 2 (24) + 4 (– 20 ) + 2 (24) = 48 – 80 + 48
		  =	 96 – 80 = 16� ... (2)
	 ï§F, adj  (adj  A) 

	 	 =	

+
-

-
- -
-

+
-
-

-
-

+
-

-
-

-

+
-

-
-

- -
+

12 7
0 2

3 7
2 2

3 12
2 0

4 2
0 2

2 2
2 2

2 4
2 0

4 2
12 7

2 2
3 7

22 4
3 12

-
-

é

ë

ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

T

		  =	

+ -( )- - -( )+ +( )
- - -( )+ +( )- -( )
+ -( )- - +( )+

24 0 6 14 0 24

8 0 4 4 0 8

28 24 14 6 224 12-( )

é

ë

ê
ê
ê

ù

û

ú
ú
ú

T

=
24 20 24
8 8 8
4 8 12

é

ë

ê
ê
ê

ù

û

ú
ú
ú

T

=
24 8 4
20 8 8
24 8 12

é

ë

ê
ê
ê

ù

û

ú
ú
ú

= 4 
6 2 1
5 2 2
6 2 3

é

ë

ê
ê
ê

ù

û

ú
ú
ú

�...(3)

	  (2) k‰W« (3) I (1) š ãuâÆl »il¥gJ,

	 A	 =	 ± 
1
16

4
6 2 1
5 2 2
6 2 3

.
é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 A	 =	 ± 
4
4

6 2 1
5 2 2
6 2 3

é

ë

ê
ê
ê

ù

û

ú
ú
ú

 = ± 
6 2 1
5 2 2
6 2 3

é

ë

ê
ê
ê

ù

û

ú
ú
ú
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9.	 adj(A) = 
0 2 0
6 2 6
3 0 6

−
−

−

















vÅš A–1 -I fh©f.

Ô®î :	 bfhL¡f¥g£l adj  (A) =
0 2 0
6 2 6
3 0 6

-
-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 A–1= ± 
1

adjA
 (adj A) vd m¿nth«.� ...(1)

	 |adj A|	=	0 + 2 6 6
3 6

-
-

 + 0

� [R1  _y« ÉÇîgL¤j¥g£lJ]
		 =	2 (36 – 18 ) = 2(18) = 36 

	 \ A–1	=	± 
1
36

0 2 0
6 2 6
3 0 6

-
-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 	=	± 
1
6

0 2 0
6 2 6
3 0 6

-
-

-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

10.	 adj A = 
1 0 1
0 2 0
1 0 1−

















 vÅš adj (adj (A)) -I 

fh©f .

Ô®î :	bfhL¡f¥g£l adj A= 
1 0 1
0 2 0
1 0 1-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

	 ï§F adj(adj  A) = 

+ -
-

+
-

- +
-

-
-

+ - +

é

ë

ê
ê
ê
ê
ê
ê
ê

2 0
0 1

0 0
1 1

0 2
1 0

0 1
0 1

1 1
1 1

1 0
1 0

0 1
2 0

1 1
0 0

1 0
0 2êê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú

T

 

   =	
+ -( ) - + +( )

-( ) + +( ) -( )
+ -( ) -( ) + -( )

é

ë

ê
ê
ê

ù

û

ú
ú
ú

2 0 0 0 2
0 1 1 0

0 2 0 2 0

( ) T

=
2 0 2
0 2 0
2 0 2-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

T

	adj  (adj  A)	=	
2 0 2
0 2 0
2 0 2

-é

ë

ê
ê
ê

ù

û

ú
ú
ú

11.	 A = 
1 tan

tan 1
x

x−








  vÅš 

AT A–1 = 
cos2 sin 2
sin 2 cos2

x x

x x

−







 vd¡fh£Lf.

Ô®î :	 A	=	
1

1
tan

tan
x

x−










		  |A|	 =	
1

1
tan

tan
x

x−








 = 1+ tan2 x = sec2 x

		 adj A	 =	
1

1
−









tan
tan

x
x

	 eh« m¿tJ A–1 =  
1
A

Adj A

	 = 
1 1

1
1

12
2

sec
tan

tan
cos

tan
tanx

x
x

x
x

x
-é

ë
ê

ù

û
ú =

-é

ë
ê

ù

û
ú

	 = cos

sin
cos

sin
cos

2
1

1
x

x
x

x
x

-é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

	 A–1 = 
cos cos sin

cos sin cos

2

2

x x x

x x x

-é

ë
ê
ê

ù

û
ú
ú

	 A = 
1

1
tan

tan
x

x-
é

ë
ê

ù

û
ú ⇒AT = 

1

1

-é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

sin
cos

sin
cos

x
x

x
x

AT A–1 =  
1

1

2

2

-é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

-
sin
cos

sin
cos

cos cos sin

cos sin cos

x
x

x
x

x x x

x x x

éé

ë
ê
ê

ù

û
ú
ú

= 
cos sin sin cos

sin cos cos sin

2 2

2 2

2

2

x x x x

x x x x

- -

-

é

ë
ê
ê

ù

û
ú
ú

= 
cos sin
sin cos

2 2
2 2

x x
x x

-é

ë
ê

ù

û
ú

12.	  A = 
5 3
1 2− −









  = 

14 7
7 7









 vÅš A -I fh©f.

Ô®î :	bfhL¡f¥g£l A 
5 3
1 2- -

é

ë
ê

ù

û
ú = 

14 7
7 7

é

ë
ê

ù

û
ú

	 B	 =	
5 3
1 2- -

é

ë
ê

ù

û
ú  k‰W« 

	 C	 =	
14 7
7 7

é

ë
ê

ù

û
ú  v‹f.

	 \ AB	 =	 C
	  B–1 Mš ã‹òw« bgU¡f »il¥gJ

	 A (BB–1)	 =	 CB–1
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K¡»a tiuaiwfŸ

�� xU js¤âš cŸs tistiu¡F bfhL¡f¥g£l òŸËÆš bjhLnfhL v‹gJ tistiuÆš 

m¥òŸËia bjh£L¡ bfh©L bršY« xU ne®¡nfhL MF«.

�� tistiu ÛJŸs òŸËÆš tistiu¡F br§nfhL v‹gJ m¥òŸËÆš tiua¥g£l 

bjhLnfh£o‰F m¥òŸËÆš br§F¤jhf cŸs ne®¡nfhL MF«.

ïilÃiy kâ¥ò¤ nj‰w« : 
��  f (x) v‹w rh®ò _oa ïilbtË [a, b] -š bjhl®¢áahf cŸsJ vdî« f (a) k‰W« f (b)-¡F 

ïilÆš  (f (a) k‰W« f (b)  cŸsl§»aJ) c  v‹w VnjD« xU v© cŸsJ vÅš, [a, b] v‹w 

_oa ïilbtËÆš Fiwªjg£r«  x v‹w xU v©izahtJ  f (x) = c v‹W fhzyh«.
	 nuhÈ‹ nj‰w« : 
�� f (x) v‹w rh®ò _oa ïilbtË [a,b] -š bjhl®¢áahdjhfî«, âwªj ïilbtË (a, b)-š 

tifÆl¤j¡fjhfî« ïU¡»wJ. nkY« f (a) = f (b) vÅš, Fiwªjg£r« xU òŸË c ∈ (a, b) 
MdJ  f ′(c) = 0 v‹wthW ïU¡F«.

by¡uhŠáÆ‹ ruhrÇ kâ¥ò¤ nj‰w« :

�� f (x) MdJ _oa ïilbtË [a, b] bjhl®¢áahdjhfî«, âwªj ïilbtË (a, b)-š 

tifÆl¤j¡fjhfî« (f (a), f (b) M»ait rkkhf ïU¡f nt©oa mtáa« ïšiy). cŸsJ 

v‹f. m¥nghJ Fiwªjg£r« xU òŸË c ∈ (a, b) -Æid  f ′(c) = 
f b f a

b a
( ) ( )-

-
 vDkhW 

fhzyh«.

�� f (x) v‹w rh®ghdJ _oa ïilbtË  [a, b] -š bjhl®¢áahdjhfî«, âwªj ïilbtË (a, b)-š 

tifÆl¤j¡fjhfî« f ′(x) > 0 ∀x ∈ (a, b) Mfî« ïUªjhš, x1 , x2 ∈ [a, b] -¡F x1 < x2  vÅš 
f (x1) < f (x2) MF«.

�� lim
x®a

 g (x) fhz¤j¡fJ k‰W« ïj‹ kâ¥g L v‹f. nkY« f (x) MdJ  x = L-š bjhl®¢áahdJ 

v‹f. Mfnt lim
x®a

 f (g (x)) = f lim ( )
x

g x
®( )a

�� f (x) v‹w tifÆl¤j¡f rh®ã‰F (x0, f (x0)) xU nj¡fÃiy¥òŸË vÅš f ′(x0) = 0 MF«.

�� f (x) v‹w tifÆl¤j¡f rh®ã‰F (x0, f (x0)) xU Ãiy¥òŸË vÅš f ′(x0) = 0 mšyJ f ′(x0) 
fhz¤j¡fJ mšy.

�� f (x) v‹w rh®ghdJ _oa ïilbtË [a, b]-š bjhl®¢áahf ïUªjhš, f  MdJ [a, b]-š xU 

Û¥bgU bgUk kâ¥igí« k‰W« xU Û¢áW áWk kâ¥igí« bgW«.
~bg®kh®£ :

�� f (x)-¡F x = c-š ïl« rh®ªj mWâ cŸsJ vÅš  c xU Ãiy v© MF«. ïªj Ãiy v©Âid 

f(x) = 0 v‹w rk‹gh£il ¤ Ô®¥gj‹ _ykhfî«, f(x) fhz¤j¡fjhf cŸs  x-‹ kâ¥òfis 

fh©gj‹ _ykhfî« bgwyh«.

m¤âaha«

7

tif E©fÂj¤â‹ 

ga‹ghLfŸ 

229
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ÃidÉš bfhŸs nt©oa N¤âu§fŸ

�� xU tistiuÆ‹ rhŒî mšyJ rhŒî É»j« :  y = f(x) v‹gJ bfhL¡f¥g£l tistiu 

v‹f. (x, f(x)) k‰W« (x + h, f(x + h)) v‹w ïU bt›ntW òŸËfis ïiz¡F« xU nfh£o‹ 

rhŒî

	
f x h f x

h
+( ) - ( )

 (Ãô£lÅ‹ <î)                                                ... (1)

	 h→ 0  vD« nghJ všiyahdJ

	  lim ( ) ( )
h

f x h f x
h®

+ -
0

= f ′(x) [Ãô£lÅ‹ <É‹ všiy]                  ... (2)

	 v‹gJ (x,y) mšyJ (x, f (x)) v‹w òŸËÆš tistiuÆ‹ rhŒthF«.

�� ïu©L tistiufS¡F ïil¥g£l nfhz« tan θ = 
m m

m m
1 2

1 21
-

+ 	

�� ïu©L nfhLfŸ ïiz vÅš m1 = m2.
�� ïu©L nfhLfŸ br§F¤J vÅš m1 m2 = – 1
�� blŒyÇ‹ bjhl® :

f (x) = 
f a

n

n

n

( ) ( )
!=

¥

å
0

(x – a)n = f (a) + 
¢f a( )
!1

(x – a) +... 
f a x a

n

n n( )( )
!

-
+ ......

�� bk¡yhuÅ‹ bjhl® :
	 a = 0 vÅš nk‰f©l ÉÇÉ‹ tot«

f (x) = 
f

n

n

n

( )
!
0

0=

¥

å xn = f (0) + 
¢f ( )
!
0

1
x + ... + 

f
n

n ( )
!
0

xn + ...

�� nyhãjhÈ‹ Éâ :

lim
x a®

f (x) = 0 = lim
x a®

 g(x), vÅš lim
x a®

= lim
x a®

 
¢
¢

f x
g x

( )
( )

 MF«.

lim
x a®

f (x) = ± ∞ = lim
x a®

 g(x),  vÅš lim
x a®

= lim
x a®

 
¢
¢

f x
g x

( )
( )

 MF«.

�� f (x) v‹w rh®ò I v‹w ïilbtËÆš a < b ⇒ f (a) ≤ f (b) ∀ a, b ∈ I vd ïUªjhš m¢rh®ò I v‹w 

ïilbtËÆš VW«.

�� f (x) v‹w rh®ò I v‹w ïilbtËÆš a < b ⇒ f (a) ≥  f (b) ∀ a, b ∈ I vd ïUªjhš m¢rh®ò I 
v‹w ïilbtËÆš ïw§F«.

��
d
dx

(f (x)) ≥  0 ∀ x ∈ (a,b) vÅš (a,b) v‹w ïilbtËÆš  f (x) â£lkhf VW«.                ... (1)

��
d
dx

(f (x)) >  0 ∀ x ∈ (a,b) vÅš (a,b) v‹w ïilbtËÆš  f (x) â£lkhf VW«.                  ... (2)

��
d
dx

(f (x)) ≤  0 ∀ x ∈ (a,b) vÅš, (a,b) v‹w ïilbtËÆš f (x) ïw§F«.                       ... (3)
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��
d
dx

(f (x)) <  0 ∀ x ∈ (a,b) vÅš, (a,b) v‹w ïilbtËÆš f (x) â£lkhf ïw§F«.             ... (4)

�� Kjš tif¡bfG nrhjid

(i)	 f ′(x) MdJ c-š FiwÆÈUªJ Äif¡F kh¿dhš , f (x) -¡F f (c) v‹gJ ïl« rh®ªj 

áWk« MF«.

(ii)	 f ′(x) MdJ c-š ÄifÆÈUªJ Fiw¡F kh¿dhš , f (x) -¡F f (c) v‹gJ ïl« rh®ªj 

bgUk« MF«.

(iii)	 f ′(x) -‹ F¿ahdJ  c-‹ ïUòwK« Äifahfnth mšyJ c-‹ ïUòwK« Fiwahfnth 

ïUªjhš f (c) v‹gJ ïl« rh®ªj áWkK« ïšiy ïl« rh®ªj bgUkK« ïšiy 

vdyh«. 
�� FÊî j‹ik nrhjid :

(i)	 âwªj ïilbtË  I -š  f ″ (x) > 0 vÅš, I -š f (x) nkšneh¡» FÊî MF«.

(ii)	 âwªj ïilbtË  I -š  f ″ (x) >0 vÅš, I -š  f (x) Ñœneh¡» FÊî MF«.

�� tisî kh‰W¥òŸË nrhjid :

(i)	 f ″ (c)  fhz¤j¡fJ k‰W«  f ″(c) -‹ F¿ MdJ x = c -I fl¡F« nghJ khW»wJ, vÅš  
(c,  f (c)) MdJ  f -‹ tisî kh‰W¥ òŸË MF«.

(ii)	 tisî kh‰W¥òŸË c-š f ″ (c) fhz¤j¡fJ vÅš,  f ″(c) = 0 MF«.

�� ïu©lh« tif¡bfG nrhjid :

c  vD« Ãiy¥òŸËÆš  f ′(c) = 0, vdî« c-‹ m‹ikÆš  f ′(x) fhz¤j¡fJ vdî« bfh©lhš  
f ″ (c) < 0  vÅš c-Æš f MdJ ïlŠrh®ªj bgUk¤ij milí«. 

�� nkY« f ′(c) vÅš ïªj nrhjidÆš ïlŠrh®ªj mWâ kâ¥òfis¥ g‰¿a jftš ïšiy 

v‹»nwh«.

�� y - m¢ir¥ bghU¤J rk¢Ó® f (x, y) = f (–x, y) ∀ x, y
�� x - m¢ir¥ bghU¤J rk¢Ó® f (x, y) = f (x, –y) ∀ x, y
�� Mâia¥ bghU¤J rk¢Ó®  f (x, y) = f (–x, –y) ∀ x, y
�� »ilk£l¤ bjhiy¤ bjhLnfhL :

 lim
x®¥

 f (x) = L mšyJ lim
x®-¥

 f (x) = L vÅš y = L v‹w nfhL »ilk£l¤ bjhiy¤ bjhLnfhL 

MF«.

�� Ãiy¡F¤J bjhiy¤ bjhLnfhL :

lim
x a® -

 f (x) = ± ∞ mšyJ lim
x a® +

f (x) = ± ∞ vÅš x = a v‹w nfhL Ãiy¡F¤J bjhiy¤ 

bjhLnfhL MF«.

�� rhaªj bjhiy¤ bjhLnfhL :

rhŒªj bjhiy¤ bjhLnfhL, xU rhŒªj bjhiy¤ bjhLnfhL bjhFâÆš cŸs gšYW¥ò¡ 

nfhitÆ‹ tÇir¥ gFâÆš cŸs gšYW¥ò¡ nfhitÆ‹ tÇiria Él mâfkhf ïUªjhš 

tU«. 
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gÆ‰á 7.1

1.	 Mâ¥òŸËÆÈUªJ t ÉdhofS¡F¥ 

ãwF xU JfŸ cŸs öu¤â‹ msî  

s = 2t2 + 3t Û£l® vD«go ne®¡nfh£oš 

xU JfŸ ef®»wJ.

(i) 	 t = 3 k‰W« t = 6 ÉdhofS¡»ilna 

cŸs ruhrÇ âirntf« v‹d?

(ii) 	 t = 3 k‰W« t = 6 ÉdhofS¡»ilna 

cŸs fz¥bghGJ âirntf« v‹d?

Ô®î :	

		 (i)	 bfhL¡f¥g£l s	 =	 2t2 + 3t
	�			  s(3)	 =	 2 × 32 + 3 (3)	
					   =	 2 × 9 + 9
					   = 	27 Û� ... (1)
	�			  s(6)	 =	 2 × 62 + 3 (6)	
					   =	 72 + 18 =  90 Û� ... (2)

				  ruhrÇ âirntf«	 =	
s s6 3

6 3
( ) - ( )

-
= 

90 27
3
-

					   =	
63
3

= 21 Û/Édho

		 (ii)		 fz¥bghGJ âirntf« 

				  V(t)	 =	
ds
dt

= 4 t + 3 

			 t =	 3 ïš fz¥bghGJ âirntf«

		 ⇒ 	 4t + 3	 =	 4(3) + 3 = 15 Û/Édho

� [(1) ïÈUªJ]
			 t =	 6 ïš fz¥bghGJ âirntf«

		 ⇒ 	 4t + 3	 =	 4(6) + 3 
					   =	 24 + 3 = 27 Û/Édho 
� [(2) ïÈUªJ]

2.	 400 mo cau kiy c¢á Kf£oÈUªJ 

jtWjyhf xU òif¥gl¡ fUÉ ÉG»wJ. 

t ÉdhofËš òif¥gl¡ fUÉ ÉG« öu« 

s = 16t2 MF«.

(i)	 jiuia¤ bjhL« K‹d® òif¥gl¡ 

fUÉ ÉH vL¤J¡bfh©l neu« 

v‹d?

(ii) 	 ÑnH ÉGªj ïWâ 2 ÉdhofËš 

òif¥gl¡ fUÉÆ‹ ruhrÇ 

âirntf« v‹d ?

(iii) 	 jiuia¤ bjhL« nghJ òif¥gl¡ 

fUÉÆ‹ fz¥bghGJ âirntf« 

v‹d ?

Ô®î :	(i)	 bfhL¡f¥g£l s (t) = 16t2, 
			  cau« 	 =	 400 mo	

	 		 16t2	 =	 400

		 ⇒	 t2	 =	
400
16

100
4

=

			  t2	 =	 25
			  t	 =	 5 Édho	 	

	 (ii)	 ruhrÇ âirntf«	 =	
ds
dt

= 32 t	

			  ï§F t	 =	 2 Édho vÅš

	 ïWâ 2 ÉdhofËš ruhrÇ

				   =	
V at  V att t= + =3 5

2
 

				   = 	
32 3 32 5

2
( ) + ( )

				   =	
96 160

2
256
2

+
=

				   =		  128 mo/Édho

	 (iii) 	fz¥bghGJ âirntf« = 
ds
dt

 = 32t

			  ï§F t	 =	 5 Édho

			  âirntf«	 = 	
ds
dt

= 32 (5)

				   = 	160 mo/Édho 

3.	 s(t) = 2t3 – 9t2 + 12t – 4, ï§F t ≥ 0 vD« 

Éâ¥go xU nfh£oš xU JfŸ ef®»wJ.

(i) 	 vªneu§fËš JfË‹ âir 

khW»‹wJ?

(ii) 	 Kjš 4 ÉdhofËš JfŸ gaÂ¤j 

öu« v‹d ?

(iii) 	âirntf« ó¢áa kâ¥ig milí« 

neu§fËš všyh« JfË‹ KL¡f« 

fh©f ?

Ô®î :	  bfhL¡f¥g£l s (t) = 2t3 − 9t2 + 12t − 4, t  ≥ 0.
(i)	 tif¥gL¤j »il¥gJ,

				  V(t)	 =	 6t2 – 18t + 12� ... (1)
					   =	 6 (t2 – 3t + 2)
					   =	 6 (t – 1) (t – 2)
		 ï§F 	 V(t)	 =	 0
⇒			  6 (t – 1) (t – 2)	 =	 0
⇒			  t 	 =	 1, 2
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V(t) Æ‹ F¿ khW« bghGJ JfË‹ âir 

khW»‹wJ.

0 ≤  t < 1 vÅš, (t – 1) k‰W« (t – 2) ïu©L« < 0 
⇒	 V(t) > 0
1 <  t < 2 vÅš,  (t – 1) > 0 k‰W« (t – 2) < 0 
⇒	 V(t) < 0
t > 2 vÅš,  (t – 1) k‰W« (t – 2) ïu©L« > 0 
⇒	 V(t) > 0
∴ t = 1 k‰W« t = 2 ÉdhofËš JfË‹ âir 

khW»‹wJ.

(ii)	� Kjš 4 ÉdhofËš JfŸ gaÂ¤j öu« 

	 |s(0) – s (1)| + |s (1) – s (2)| + |s (2) – s (4) |

	 s(0)	 =	 – 4
	 s (1)	 =	 2(1)3 – 9(1)2 + 12 (1) – 4 
		  = 	2 – 9 + 12 – 4 = 1
	 s (2)	 =	 2 × 23 – 9 × 22 + 12 × 2 – 4
		  =	 16 – 36 + 24 – 4 = 0	
	 s (4)	 =	 2(4)3 – 9(4)2 + 12 (4) – 4 
		  = 	128 – 144 + 48 – 4 = 28
	∴ |s (0) – s (1)| + |s (1) – s (2)| + |s (2) – s(4)|	
		  = 	|–4 – 1| + |1 – 0| + |0 – 28|
		  = 	|–5| + | 1 | + | – 28|
		  = 5 + 1 + 28 = 34 Û

(iii) KL¡f« A = 12t – 18� KL¡f« =é
ëê

ù
ûú

dv
dt	 t = 1 vÅš, 

	 KL¡f«	 = 	12 (1) – 18 = – 6 Û/Édho2

	 t =  2 vÅš,
	 KL¡f«	 = 	12 (2) – 18 = 6 Û/Édho2

4.	 x g¡f msî bfh©l xU fd rJu¤â‹ 

fd msî v = x3 vÅš  x = 5 myFfŸ vD« 

nghJ x -I¥ bghW¤J fd msî khWåj« 

fh©f .

Ô®î :	 	bfhL¡f¥g£l v	=	 x3

	 x I bghW¤J tif¥gL¤j »il¥gJ,

			 
dv
dx

	 =	 3x2

			   x	 =	 5 vÅš 
dv
dx

= 3(52) = 75

			  ∴ x = 5 š 
dv
dx

	 =	 75 myFfŸ.

5.	 x ÚsKŸs (Û£lÇš) xU bkšÈa nfhÈ‹ 

Ãiw m(x) ( »nyh»uhÄš), m(x) =  3x vd¡ 

bfhL¡f¥g£LŸsJ vÅš, x = 3 k‰W«  

x = 27 Û£l® vD« nghJ Ús¤ij¥ bghW¤J 

ÃiwÆ‹ khWgh£L åj¤ij fh©f. 

� [m.kh.É - 2019]

Ô®î :	 	bfhL¡f¥g£l m (x) = 3x = 3
1
2.x

	 x I bghW¤J tif¥gL¤j »il¥gJ,

			
dm
dx

	 =	 3 1
2

1
2

1
. x

-
=

3
2

1
2x

-
=

3
2 x

			   x	 =	 3 ïš 
dm
dx

=
3

2 3
= 

1
2

»»/Û

			   x	 =	 27ïš 
dm
dx

=
3

2 27

				    =	
3

2 3 3

1
6( )

=  »»/Û

6.	 xU Fs¤âš ÉGªj fšÈdhš bghJ 

ika t£l§fË‹ tot¤âš á‰wiyfŸ 

V‰gL»‹wJ. btË¥òw á‰wiyÆ‹ Mu« 

r Édho¡F 2 br .Û åj« mâfÇ¡»wJ. Mu« 

5 br.Û. vD« nghJ fy§F« ÚÇ‹ gu¥gsî 

khWåj« v‹d ?

Ô®î :	 á‰wiyÆ‹ Mu« r k‰W« gu¥ò A v‹f.

			  bfhL¡f¥g£l 
dr
dt

= 2 br.Û/ Édho k‰W«

			    r	 =	 5 br.Û� ... (1)
			   A	 =	 πr2 v‹gJ

	 ‘t’ I bghW¤J tif¥gL¤j »il¥gJ,

			 
d
dt
A

	 =	 π(2r).
dr
dt

				    =	 π(2) (5) (2) 
� [(1)-I ga‹gL¤â]

			 
d
dt
A

	 =	 20 π rJu br.Û / Édho

7.	 f¥gÈ‹ ÛJŸs RHbyhË És¡F 

x›bthU 10 ÉdhofS¡F xU Kiw 

R‰W»wJ. fl‰fiuÆÈUªJ 5 ».Û öu¤âš 

f¥gš e§TuÄl¥g£LŸsJ. m›És¡»‹  

xË¡f‰iw fl‰fiuíl‹ 45º nfhz¤ij 

V‰gL¤J« nghJ fl‰fiuÆš xË¡f‰iw 

v›tsî ntfkhf efU«?
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Ô®î :	 fy§fiu És¡f¤â‹ xU És¡F x›bthU 10 

Édho¡F (360º) ïš R‰Wtjhš� A

x

B
5 »Û

45º
O

			 
d
dt
q

	 =	
2
10

p

				    =	
p
5

Mu« / Édho

			   AB	 =	 x v‹f

			   ∴tan θ	 =	
x
5

			   x	 =	 5 tan θ� ... (1)

	 âirntf«	 =	
dx
dt

 vd m¿nth«.

	 ‘t’ ia¥ bghW¤J (1) I tifÆl »il¥gJ

			 
dx
dt

	 =	 5 Édho2 θ.
d
dt
q

				    =	 5 (Édho2) (45º) p
5

æ
è
ç

ö
ø
÷

				    =	 5 2 5
2( ) ´ æ

è
ç

ö
ø
÷

p = 5 (2) × p
5

æ
è
ç

ö
ø
÷

				    =	 2π »Û/ Édho�
8.	 jiyÑHhf it¡f¥g£l xU ne®t£l 

T«ã‹ toÉš cŸs xU Ú®Ãiy¤ 

bjh£oÆ‹ MH« 12 Û£l® k‰W« nkYŸs 

t£l¤â‹ Mu« 5 Û£l® v‹f . ÃÄl¤â‰F 

10 fd Û£l® ntf¤âš Ú® ghŒ¢r¥gL»wJ 

vÅš, 8 Û£l® MH¤âš Ú® ïU¡F« nghJ 

ÚÇ‹ MH« mâfÇ¡F« ntf« v‹d ?

	 � [Hy - 2019]

Ô®î :		 bfhL¡f¥g£l h	 =	 12 Û�

a

12

50

V

A
		  r	 =	 5 Û	

	 V v‹gJ T«ã‹ fd msî 

	 ghâ c¢á¡ nfhz« α 

			   ∴ tan α	 =	
OA
VO

= =
5

12
r
h

	 ⇒		 12r	 =	 5h

	 ⇒		 r	 =	
5
12

h
 � ... (1)

			   V	 =	
1
3

πr2h vd m¿nth«

				    =	
1
3

5
12

2
p h hæ

è
ç

ö
ø
÷ . � [(1) ÈUªJ]

			   V	 =	
1
3

25
144

25
3 144

3 3
p

ph hæ

è
ç

ö

ø
÷ =

´

	 ‘t’ ia bghW¤J tifÆl »il¥gJ

			 
dv
dt

	 =	
25

3 144
3 2p

´
h dh

dt
= 

25
144

2p h dh
dt

	 ⇒		 10	 =	
25
144

8 2p ( ) dh
dt

	�   bfhL¡f¥g£l Û Édho h dv
dt

= =é
ëê

ù
ûú

8 10 3, /

	 ⇒		
10 144
25 64

´
´p

	 =	
dh
dt

	 ⇒		
dh
dt

	 =	
9

10p
 Û / ÃÄl«

9.	 17 Û£l® ÚsKŸs xU VÂ br§F¤jhd 

RtÇš rhŒ¤J it¡f¥g£LŸsJ. 

VÂÆ‹ mo¥g¡f« Rt‰¿ÈUªJ Éy»¢ 

bršY« åj« Édho¡F 5 Û£l® vÅš 

VÂÆ‹ mo¥g¡f« Rt‰¿ÈUªJ 8 Û£l® 

bjhiyÉš ïU¡F« nghJ,

(i) 	 mj‹ c¢á v‹d åj¤âš Ñœneh¡» 

ïw§F« v‹gij¡ fh©f .

(ii) vªj åj¤âš, VÂ, Rt® k‰W« 

jiu M»at‰whš cUthF« 

K¡nfhz¤â‹ gu¥gsî khW»wJ?

Ô®î :	 (i)	� gl¤âš AB v‹gJ VÂ. x + y v‹gd 

Kiwna »ilk£l br§F¤J ef®îfŸ 

v‹f.�
	 ãjhfu° nj‰w¥go,	

	  OA2 + OB2	 =	 AB2 � B

O

17

Ax

y	 ⇒		 x2 + y2	 =	 172        ... (1)

	 bfhL¡f¥g£l
dx
dt

	 =	 5 k‰W« x = 8

			   x	 =	 8 vÅš, 82 + y2 = 172

	 ⇒		 y2	 =	 289 – 64 = 225
	 ⇒		 y	 =	 15
	 ‘t’ ia bghW¤J (1) ia tif¥gL¤j »il¥gJ,

			  2x 
dx
dt

+ 2y
dy
dt

	 =	 0

	 ⇒	8 (5) + 15
dy
dt

	 =	 0�  x dx
dt

y= = =é
ëê

ù
ûú

8 15 15, ,

	 ⇒	 40 + 15
dy
dt

	 =	 0

	 ⇒	
dy
dt

	 =	
-

=
-40

15
8

3
Û/ Édho

	 ∴ VÂÆ‹ c¢á Ñœ neh¡» ïw§F« É»j«  
-8
3

Û/Édho.
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	 (ii)	 �VÂ, Rt® k‰W« jiu M»at‰whš 

cUthF« br§nfhz K¡nfhz«

	 ∴ gu¥ò	 =	
1
2

xy

	 ‘t’ ia bghW¤J tifÆl »il¥gJ,

			 
d
dt
A

	 =	
1
2

x dy
dt

y dx
dt

+é
ëê

ù
ûú

				    =	
1
2

8 8
3

15 5-æ
è
ç

ö
ø
÷ +é

ëê
ù
ûú

( )

				    =	
1
2

64
3

75
1
2

-
+é

ëê
ù
ûú

=

				    =	
1
2

64 225
3

1
2

161
3

- +é
ëê

ù
ûú

= æ
è
ç

ö
ø
÷

			 
d
dt
A

	 =	 26.83 rJu Û /Édho

10.	 tlâirÆÈUªJ xU br§nfhz rªâ¥ig 

mQF« xU fhtšJiw thfd« ntfkhf¢ 

br‹W âU«ã »H¡F neh¡»¢ bršY« xU 

k»Gªij Ju¤J»wJ. rhiy rªâ¥ã‹ 

tl¡nf 0.6 ».Û  bjhiyÉš fhtšJiwÆ‹ 

thfdK« »H¡nf 0.8 ».Û bjhiyÉš 

k»GªJ« cŸs bghGJ, Ä‹fhªj miy¡ 

fUÉÆ‹ Jizbfh©L fhtšJiw 

j§fsJ thfd¤â‰F« k»GªJ¡F« 

ïil¥g£l öu« kÂ¡F 20 ».Û åj¤âš 

mâfÇ¡»wJ vd¤ Ô®khÅ¡»‹wd®. 

fhtšJiw thfd« kÂ¡F 60 ».Û 

ntf¤âš ef®»wJ vÅš k»Gªâ‹ ntf« 

v‹d?� [kh®¢ - 2020]

Ô®î :	 x F¿¥gJ k»GªJ flªj 

öu«, y F¿¥gJ fhtšJiw 

flªj thfd« k‰W« s 
F¿¥gJ thfd« k‰W« 

k»GªJ ïilnaahd öu« 

MF«.

	 ∴ bfhL¡f¥g£l 	=	  x = 0.8 ».Û, y = 0.6 ».Û,

			 
dy
dt

	 =	 –60 ».Û / kÂ,

			 
ds
dt

	 =	 20 ».Û / kÂ,

	 D ABC-š s2		  =	 x2 + y2� ... (1)
	 ⇒		 s2	 =	 (0.8)2 + (0.6)2

				    =	 0.64 + 0.36
			   s2	 =	 1
	 ⇒		 s	 =	 1� ... (2)
	 ‘t’ ia bghW¤J (1) ia tifÆl »il¥gJ,

			   2s 
ds
dt

	 =	 2x 
dx
dt

 + 2y
dy
dt

A

s

x

y

BC

	 ⇒		 s
ds
dt

	 =	 x 
dx
dt

 + y
dy
dt

� [2 Mš tF¡f]

	 ⇒		 1 ds
dt

æ
è
ç

ö
ø
÷ 	 =	 (0.8) dx

dt
æ
è
ç

ö
ø
÷  + (0.6)(–60)

	 ⇒		 1(20)	 =	 (0.8) dx
dt

æ
è
ç

ö
ø
÷  + (0.6)(–60)

	 ⇒		 20	 =	 (0.8) dx
dt

æ
è
ç

ö
ø
÷  – 36

	 ⇒		 20 + 36	 =	 (0.8) 
dx
dt

	 ⇒		
dx
dt

	 =	
56
0 8.

 = 70 ».Û / kÂ,

	 ∴ k»Gªâ‹ ntf« 70 ».Û / kÂ,
		

gÆ‰á 7.2

1.	 bfhL¡f¥g£l òŸËfËš ã‹tU« 

tistiufS¡F« bjhLnfh£o‹ 

rhŒÉid¡ fh©f .

(i) 	 y = x4 + 2x2 − x , x = 1

(ii)	 x = a cos3 t, y = b sin3 t , t = 
p
2

.
Ô®î :	(i)	 y = x4 + 2x2 − x, x = 1
	 bfhL¡f¥g£l y	 =	 x4 + 2x2 – x

		
dy
dx

	 =	 4x3 + 4x – 1

	  x = 1 š bjhLnfh£o‹ rhŒî 

		  m	 =	 dy
dx x

æ
è
ç

ö
ø
÷

=( )1

			   =	 4(1)3 + 4 (1) – 1 
			   =	 4 + 4 – 1 = 7
		  ∴ m	 =	 7

	 (ii)		 x = a cos3 t, y = b sin3 t at t = 
p
2

.

	 bfhL¡f¥g£l x	 =	 a cos3 t ; y = b sin3 t

	
dx
dt

	 =	 – 3a cos2 t sin t ; 

		
dy
dt

	 =	 3b sin2t cot t

		  ∴ 
dy
dx

	 =	

dy
dt
dx
dt

= 3
3

2

2
b t t
a t t

b
a

sin cos
cos sin-

=
- tan t

	 t = 
p
2

 v‹gJ bjhLnfh£o‹ rhŒî 
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m¤âaha«

8

tifpLfŸ k‰W«  

gFâ tif¡bfG¡fŸ 

K¡»a tiuaiwfŸ

�� neÇaš njhuha kâ¥ò :

	 f : (a, b) →  v‹gij tifÆl¤j¡f¢ rh®ghfî« x0 ∈ (a,b) ·vdî«  bfhŸf. x0  v‹w òŸËÆš 

f -‹ njhuha kâ¥ò L-‹ tiuaiw 

L (x)  = f (x0) + f ′(x0) (x – x0) ∀ x ∈(a,b) MF«.

��
df
dx

 = lim
D ®x 0

f x x f x
x

( ) ( )+ D -
D

= f ′(x) = lim
D ®

D
Dx

f
x0

��   df  = f ′(x) Δx 
�� bjhl®¢á j‹ik : A = {(x, y) / a < x < b, c < y < d} ⊂ R2, F: A → R v‹w rh®ò F(u, v) ïš 

bjhl®¢áahdJ vÅš ã‹tUtdt‰iw Ãiwî brŒa nt©L«.

(1)  (u, v) ïš F tiuaW¡f¥g£LŸsJ.

(2)  	 lim
( , ) ( , )x y u v®

F(x,y) = L ïU¡»wJ.

(3)  	L = F (u, v)

�� »bsŒuh£o‹ nj‰w« : A = {(x, y) / a < x < b, c < y < d} ⊂ R2, F: A → R2·v‹w rh®ò A ïš 
fxy k‰W« fyx fhz¥bg‰W mit bjhl®¢áahdjhfî« ïU¡Fkhdhš A ïš fxy = fyx v‹gjhf 

ïU¡F«.

�� ïyhãyhÌ‹ rk‹ghL : A = {(x, y) / a < x < b, c < y < d} ⊂ R2 v‹f. u : A → R2  v‹gJ  
¶
¶

2

2
u

x
 + 

¶
¶

2

2
y

y
 = 0 ∀ (x, y) ∈ A vDkhW ïU¡Fkhdhš u MdJ A-š ÓuhdJ vdyh«. ïJ 

ïyhãyhÌ‹ rk‹ghL vd¥gL«. 

�� bghU¤jkhf tiuaW¡f¥g£l λ, x, y- ¡F (λx, λy) ∈A vÅš F (λx,λy) = λp F (x, y) λ ∈R vDkhW  

p v‹w kh¿È ïU¡Fkhdhš rh®ò F v‹gJ A-‹ Ûjhd rkgo¤jhd rh®ghf ïU¡F«. ïªj 

kh¿È p, rh®ò F -‹ go vd¥gL«.

279
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ÃidÉš bfhŸs nt©oa N¤âu§fŸ

�� jÅ ãiH  = bkŒkâ¥ò – njhuha kâ¥ò

�� rh®ãiH = 
bkŒ kâ¥ò – njhuha kâ¥ò

bkŒ kâ¥ò

�� rjåj¥ãiH = rh®ãiH × 100
�� df = f ′(x) Dx
�� (x0 , y0 , z0 ) ∈ A ·v‹w òŸËÆš F-‹ neÇaš njhuha kâ¥ò

	 F (x, y, z) = F (x0 , y0 , z0 ) + ¶
¶
F
x x y z( , , )0 0 0

 (x – x0) + 
¶
¶
F
y x y z( , , )0 0 0

 (y – y0) + ¶
¶
F
z x y z( , , )0 0 0

 (z – z0) 

�� F -‹ tifpL

	 dF = 
¶
¶
F
x

(x, y, z) dx + 
¶
¶
F
y

(x, y, z) dy + 
¶
¶
F
z

(x, y, z) dz 

	 ï§F dx = Dx, dy = Dy k‰W« dz = Dz.  

�� w (x, y) v‹gJ x, y  v‹w ïU kh¿fËš mikªj rh®ò vÅš  
¶w
dt

 = 
¶
¶

+
¶
¶

w
x

dx
dt

w
y

dy
dx

. .

�� W (x, y) v‹gJ x, y v‹w ïU kh¿fËš mikªj 
¶
¶

¶
¶

W W
x y

,  v‹w gFâ tif¡bfG¡fŸ bfh©l 

rh®ò v‹f. x = x (s, t) k‰W« y = y (s, t), s, t ∈R v‹w ïU kh¿fS¡F« s k‰W« t-I¥ bghU¤j 

gFâ tif¡bfG¡fŸ c©L vÅš,    
¶
¶
w
s

 = 
¶
¶

¶
¶

+
¶
¶

¶
¶

w
x

x
s

w
y

y
s

. . , ¶
¶

=
¶
¶

¶
¶

+
¶
¶

¶
¶

W W W
x x

x
t y

y
t

�� MŒyÇ‹ nj‰w« : F v‹w rh®ò B-‹ ÛJ bjhl®¢áahd gFâ tif¡bfG cilajhfî« go  

 p cila rkgo¤jhd rh®ghfî« ïU¡Fkhdhš

	 x.  
¶
¶
F
x

(x, y, z) +y  
¶
¶
F
y

(x, y, z)  + z
¶
¶
F
z

(x, y, z) = p F (x, y, z) ∀  (x, y, z)  ∈A.

gÆ‰á 8.1

1.	 f(x) = x3
v‹f. x = 27 ïš neÇaš njhuha 

kâ¥ig¡ fh©f. neÇaš njhuha kâ¥ig 

ga‹gL¤â 27 23 . ‹ kâ¥ig¡ fh©f.

Ô®î :	bfhL¡f¥g£l  f (x) = x3  k‰W«

		  x0	 =	 27 v‹f 
		  Dx	 =	 0.2 ·vd m¿nth«. 

		  L(x)	 =	 f (x0) + f ′(x0) 
� (x – x0) ∀ x ∈ (a,b)

	 ∴ 27 23 . 	 =	 f (27) + f ′(27) (0.2)� ...(1)

		  ï§F f (27)	 =	 273  = 3

		  f ′(x)	 =	
1
3

1
3

1
x

-
=

1
3

1

3

2
3

2
3

x

x

=

		  ∴ f ′(27)	 =	
1

3 27

1

3 3

1
3 3

1
272

3 3
2
3

2
( )

=
( ) ( )

=

	 ∴(1) ÈUªJ,

		  27 23 . 	 =	 3 + 
1
27

 (0.2)

			   =	 3 + .0074 = 3.0074

		  ∴ 27 23 . 	 =	 3.0074

2.	 neÇaš njhuha kâ¥Õ£L KiwÆš 

ã‹tUtdt‰¿‹ njhuha kâ¥òfis¡  

fh©f .

(i)	 ( )123
2
3 	 (ii)	 154  	 (iii)	 263 	

Ô®î :(i)	( )123
2
3

			  f (x)	 =	 x
2
3 , x0= 125, Dx = – 2 v‹f.
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			  ∴ 123
2
3( ) 	 =	 f (125) + f ′(125) (–2)� ... (1)

			  f (125)	 =	 125 5
2
3 3

2
3( ) = ( )  = 52 = 25

			  f ′(x)	 =	
2
3

2
3

2

3

2
3

1 1
3

1
3

x x

x

- -
= =

			  f ′(125)	 =	
2

3 125

2

3 5

2
3 5

2
151

3 3
1
3( )

( )
=

( )
= =

	 ∴(1) ÈUªJ,

			  123
2
3( ) 	 =	 25 + 

2
15

(–2)

				   =	 25 – 
4

15
= 25– 0.27

		  123
2
3( ) 	 =	 24.73

	 (ii)	 154  

		  f (x)	 =	 x
1
4 , x0 = 16, Dx = – 1·v‹f

		  ∴ 154 	 =	 f (16) + f ′(16) (–1)� ... (1)

		  f (16)	 =	 16
1
4  = 24

1
4( ) = 21 = 2

		  f ′(x)	 =	
1
4

1
4

1

4

1
4

1 3
4

3
4

x x

x

- -
= =

	 f ′(16) = 
1

4 16

1

4 2

1
4 2

1
4 8

1
323

4 4
3
4

3
( )

( )
=

( )
=

( )
= =	=	

1

4 16

1

4 2

1
4 2

1
4 8

1
323

4 4
3
4

3
( )

( )
=

( )
=

( )
= =

	 ∴(1) ÈUªJ,

		  154 	 =	 2 +
1
32

  (–1) 

	  		  =	 2 – 
1
32

 = 2 – 0.0312 

		  154 	 = 	1.9688

(iii)	 263 	

				   f (x)	 =	 x
1
3 , x0 = 27, Dx = – 1

			  ∴ 263 	=	 f (27) + f ′(27) (–1)� ... (1)

				  f (27)	 =	 27
1
3( )  = 33

1
3( ) = 31 = 3

				   f ′(x)	 =	
1
3

1
3

1

3

1
3

1 2
3

2
3

x x

x

- -
= =

			  ∴ f ′(27)	 =	 1

3 27

1

3 3

1
3 3

1
272

3 3
2
3

2
( )

=
( )

=
( )

=

		 ∴(1) ÈUªJ,

			  263 	 =	 3 + 
1
27

(–1)

				   = 	3 –  
1
27

= 3 –0.037

			  263 	 =	 2.963

3.	 ã‹tU« rh®òfS¡F, bfhL¡f¥g£l 

òŸËfËš neÇaš njhuha kâ¥ig¡ 

fh©f .

(i)	 f(x) = x3 − 5x + 12, x0 = 2� [m.kh.É - 2019]

(ii) 	 g(x) = x2 9+ , x0 = –4

(iii)	 h (x) = 
x

x + 1
 , x0  = 1	

Ô®î :(i)		 f(x) = x3 − 5x + 12, x0 = 2

		  f (x)	 =	x3 – 5x + 12, x0 = 2
		  f (x0)	 =	23 – 5(2) + 12 
			   =	8 – 10 + 12 = 10
		  f ′ (x)	 =	3x2 – 5
		  ⇒	 f ′ (x0)	 =	3 (22) – 5 = 7
		  ∴ L (x)	 =	 f (x0) + f ′ (x0) (x – x0)
			   =	10 + 7(x – 2) 
			   = 10 + 7x – 14 
		  L (x)	 = 7x – 4

(ii) 	 g(x) = x2 9+ , x0 = –4

	 bfhL¡f¥g£l g(x)	 =	 x2 9+ , x0 = –4

		  g(x0)	 =	 -( ) + = +4 9 16 92 = 5 

		  g′ (x)	 =	
1
2 9 2

9
2

1
2

2x x
x

x
+( ) ( ) =

+

-
 

		  ∴ g ′ (x0)	 =	
-

-( ) +
=

-4

4 9

4
52

			   ∴ L (x)	 =	 g (x0) + g ′ (x0) (x – x0)

				    =	 5 – 
4
5

(x + 4) = 
25 4 16

5
- -x

		  L (x)	 = 
9 4

5
- x
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(iii)	 h (x) = 
x

x + 1
 , x0  = 1

		  h(x0)	 =	
1

1 1
1
2+

=

		  h ′ (x)	 =	
x x

x
+( )( ) - ( )

+( )
1 1 1

1 2

			   =	
x x
x x
+ -

+( )
=

+( )
1
1

1
12 2

		  h′ (x0)	 =	
1
2

1
42 =

			   ∴ L (x)	 =	 h (x0) + h ′ (x0) (x – x0)

				    =	
1
2

1
4

1
2 1

4
1

4
+ -( ) =

+ -
=

+
x

x x

			   ∴L (x)	 = 
x +1

4
4.	 xU t£l tot jf£o‹ Mu« 12.65 

br.Û-¡F¥ gâyhf 12.5 br.Û vd 

ms¡f¥gL»‹wJ vÅš mj‹ gu¥ò 

fz¡»Ltâš ã‹tUtdt‰iw fh©f :

(i) 	 jÅ¥ãiH 
(ii) 	 rh® ãiH

(iii)	 rjåj¥ ãiH	
Ô®î : (i)	 jÅ¥ãiH 
		  Mu« r	 =	 12.65
		  Δ r	 =	 12.5 – 12.65
		  dr = Δ r	 =	 – 0.15
	 t£l jf£o‹ gu¥ò A= πr2

		 r I bghW¤J tifÆl

		
d
dr
A

	 =	 2πr
		  dA	 =  2πrdr
		  dA	 =  2π × 12.65 × (– 0.15)
			   =	 –3.795 π br.Û2

		  njhuha¥ãiH	 =	 –3.795 π br.Û2

		  bkŒãiH	 =	 A(12.5) –A(12.65)
			   =	 π (12.5)2 – π (12.65)
			   =	 π (156.25 – 160.0225)
			   =	 –3.7725 π br.Û2

	 jÅ¥ãiH = bkŒãiH = njhuha¥ãiH

			   =	 –3.7725 π + 3.795 π
			   =	 0.0225 π br.Û2

	 (ii)	 rh® ãiH	 =	
jÅ¥ãiH

bkŒ¥ãiH

			   =	
0 0225
3 7725
.
.

p
p- = – 0.00596 

			    	–0.006
	 (iii)	rjåj¥ ãiH = rh®ãiH ×100 
			   =	 –0.006 × 100 = – 0.6% 

5.	 gÅ¡f£oÆyhd xU nfhs¤â‹ Mu«  

10 br.Û. mj‹ Mu« 10 br.ÛÈUªJ 9.8 br.Û 

-Mf Fiw»‹wJ. ã‹tUtdt‰¿‹ 

njhuha kâ¥ãid¡ fh©f :

(i) 	 fd msÉš V‰gL« kh‰w« 

(ii)	 tisgu¥ãš V‰gL« kh‰w«

Ô®î :	 fd msÉš V‰gL« kh‰w«  =
4
3

π r3

	 bfhL¡f¥g£l r	=	 10 br.Û

	
dr
dt

	=	 –0.2 br.Û

	 (i)	 fd msî

	 V	 =	
4
3

 π r3

fd msÉš V‰gL« kh‰w« 	

			   =	
4
3

3 2p. r dr
dt

			   =	 4π (10)2 (–0.2)
			   =	 400 π (–0.2) = –80 π br.Û3

	∴ fd msî 80 π br.Û3 Fiw»wJ.

	 (ii)	� tisgu¥ãš V‰gL« kh‰w«

		  nfhs¤â‹ tisgu¥ò  = 4 π r2

		  tisgu¥ãš V‰gL« kh‰w« = 4 π .2r. 
dr
dt

				    =	 8π (10) (–0.2)

				    =	 –
80 2

10
p ´

 = – 16 π br.Û2

	 ∴ tis¥gu¥ò 16 π br.Û2 Fiw»wJ.

6.	 l Ús« cŸs xU jÅ CrÈ‹ KG 

miyî neu« T v‹gJ  T = 2π l

g
 vd 

bfhL¡f¥g£LŸsJ. ï§F g xU kh¿È  
l-š V‰gL«  2 rjåj¥ ãiH¡F V‰g T-‹ 

fz¡Ñ£oš V‰gL« njhuha rjåj¥ 

ãiHia¡ fh©f.
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Ô®î :	bfhL¡f¥g£l jÅ ãiH = 2%

	 ⇒	
dl
l

	 =	 2% = 
2

100
= 0.02

		  bfhL¡f¥g£l T	 =	 2π
l
g

 

	 ïUòwK« kl¡if vL¡f »il¥gJ,	

		  log T	 =	 log 2π +
1
2

log  l –
1
2

log g

	 ïUòwK« tifpL vL¡f »il¥gJ,

		
1
T

dT	 =	 0 + 
1
2

1.
l

. dl

		
DT
T

	 =	
1
2

(.02)

		
DT
T

	 =	 0.01 

	 njhuha rjåj ãiH = 
DT
T

×100 = 0.01×100 = 1%

7.	 X® v©Â‹ n -M« go _y« 

fz¡»l¥gL« nghJ V‰gL« rjåj¥ 

ãiH njhuhakhf, mªj v©Â‹ rjåj¥ 

ãiHÆ‹ 
1
n

 kl§F MF« vd¡fh£Lf.

Ô®î : mªj v© x v‹f.

	 	 y	 =	 f (x) = xn
1

		 ãwF log y	 =	
1
n

log x

ïUòwK« tifpL vL¡f »il¥gJ

		
1
y

dy	 =	
1 1
n x

dx´

	mjhtJ	
Dy
y

	 	
dy
y n

dx
x

=
1 .

		rjåj ãiH =
Dy
y

× 100  
1

100
n

dx
x

´æ
è
ç

ö
ø
÷

mªj v©Â‹ rjåj¥ ãiHÆ‹ 
1
n

 kl§F

vdnt xU v©Â‹ nM« go _y« 

fz¡»l¥gL« nghJ V‰gL« rjåj¥ ãiH 

njhuhakhf, mªj v©Â‹ rjåj¥ ãiHÆ‹  
1
n

 kl§F MF«.

gÆ‰á 8.2

1.	 ã‹tU« rh®òfS¡F tifpL dy fh©f :

(i)	 y = 
( )1 2

3 4

3-
-

x

x
� [Hy - 2019]

(ii)	 y = (3 + sin(2x))2/3 

(iii)	 y  = ex2–5x + 7 cos (x2 – 1)

Ô®î :	 (i)	 y = 
( )1 2

3 4

3-
-

x

x

	 bfhL¡f¥g£l y	 =	 1 2
3 4

3-( )
-

x
x

	 tifpL vL¡f

	 dy	 =
3 4 3 1 2 2 1 2 4

3 4

2 3

2
-( ) -( ) -( )éë ùû - -( ) -( )

-( )
x x x

x
dx

		  =	
2 1 2 3 3 4 2 1 2

3 4

2

2
-( ) - -( ) + -( )[ ]

-( )
x x x

x
dx

		  =	
2 1 2 9 12 2 4

3 4

2

2
-( ) - + + -[ ]

-( )
x x x

x
dx

	 dy	 =	
2 1 2 8 7

3 4

2

2
-( ) -[ ]

-( )
x x

x
dx

	 (ii)	 y 	= 3 2
2
3+ ( )( )sin x

	 bfhL¡f¥g£l y	 =	 3 2
2
3+ ( )( )sin x

	 tifpL vL¡f

	 dy	 =	
2
3

3 2
2
3

1+( ) -sin x (cos2x)(2)dx

		 dy	 =	
4
3

2

3 2
1
3

. cos

sin

x

x
dx

+( )

(iii)		y  = ex2–5x + 7 cos (x2 – 1)

	 bfhL¡f¥g£l y	 =	 ex2–5x + 7 cos (x2 – 1)
	 tifpL vL¡f

	 dy	 =	 (ex2–5x + 7(–sin (x2–1)(2x)) +
� cos (x2 –1) ex2–5x + 7 (2x –5))dx
		  =	 ex2–5x + 7�[(2x – 5)cos (x2 – 1) –
� 2x sin (x2 –1)]dx

2.	 f (x)= x2 + 3x v‹w rh®ã‰F df  fh©f k‰W«

(i)	 x = 2, dx = 0.1 � [kh®¢ - 2020]

(ii)	 x = 3 k‰W« dx = 0.02·vD« nghJ df  -I 

kâ¥ãLf.
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K¡»a tiuaiwfŸ

�� Kjš bjhif E©fÂj mo¥gil¤  nj‰w« F(x) = f u du
a

x
( )ò , a < x < b vÅš 

d
dx

(F(x)) = f (x)

�� ïu©lh« bjhif E©fÂj mo¥gil¤ nj‰w« f x dx
a

b
( )ò = F(b) – F(a)

�� 	 e x dxx n− −
∞

∫ 1

0

 v‹gJ fhkh bjhifÆlš Γ(n)

ÃidÉš bfhŸs nt©oa N¤âu§fŸ

�� ßk‹ bjhifp£oid kâ¥ãLtj‰fhd tyJ - Kid Éâ :

	 f x dx
a

b
( )ò  = lim ( )( )

max( )n x x
i i i

i

n

i i
f x x x

®¥ - ®
-

=-

-å
1 0

1
1k‰W«

�� ßk‹ bjhifp£oid kâ¥ãLtj‰fhd ïlJ - Kid Éâ :

	 f x dx
a

b
( )ò  = 

k‰W«

lim ( )( )
max( )n x x

i i i
i

n

i i
f x x x

®¥ - ®
- -

=-

-å
1 0

1 1
1

�� ßk‹ bjhifp£oid kâ¥ãLtj‰fhd eL - Kid Éâ :

	 f x dx
a

b
( )ò  = 

k‰W«

lim
max( ) ( )n x x f x x x xi i

i i
i i

i

n
®¥ - ®

+æ
è
ç

ö
ø
÷ --

-
-

=
å1

1
1

1
0

2

bjhif 
E©fÂj¤â‹ 

ga‹ghLfŸ

m¤âaha«

9

307
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�� f x dx
a

b
( )ò I kâ¥ãl všiy N¤âu«

		  f x dx
a

b
( )ò  = lim ( )

n r

nb a
n

f a b a r
n®¥ =

-
+ -æ

è
ç

ö
ø
÷å

1

�� tiuaW¤j¤ bjhifÆlÈ‹ g©òfŸ :

1.	 f x dx
a

b
( )ò  = f u du

a

b

( )ò , a < b

2.	 f x dx
a

b
( )ò  = – f x dx

b

a
( )∫

3.	 f x dx
a

b
( )ò  = f x dx f x dx

a

c

c

b
( ) ( )∫ ∫+ , a < c < b

4.	 a bf x g x dx
a

b

( ) ( )+[ ]ò  

	 = a f x dx
a

b
( )ò  + b g x dx

a

b
( )∫  

ï§F a k‰W« b kh¿ÈfŸ

5.	 f (2a – x) = – f(x) vÅš f x dx
a

( )
0

2

∫  = 0 

6.	 f (a – x) = f(x) vÅš xf x dx a f x dx
a a

( ) ( )
0 02ò ò=  

7.	 f(x) xU x‰iw rh®î vÅš

		  f x dx
a

a
( )

−
∫  = 0

8.	 f(x) xU ïu£il rh®ò vÅš

		  f x dx
a

a
( )

−
∫  = 2 f x dx

a
( )

0
∫

9.	
dx

a x a2 2
0 2+

=
∞

∫
π

10.	
dx

a x aa
2 2 4+

=
∞

∫
π

11.	
dx

a x a2 2+
=

−∞

∞

∫
π

12.	 e x dx n
a

ax n
n

-
¥

+ò =
0

1
!

�� bg®ndhÈ N¤âu« :

∫uv dx = uv(1) – u(1)v(2) + u(2)v(3) – u(3)v(4) + .....

�� Fiw¥ò¢ N¤âu§fŸ :

1.	 In = 
0

2π/

∫ sinnx dx = 
n

n
−1

In–2, n ≥ 2

2.	 In = 
0

2π/

∫ cosnx dx = 
n

n
−1

In–2, n ≥ 2

3.	 Im, n = 
0

2π/

∫ sinmx cosnx dx

 = 
( )n
m n

−
+

1
Im,n–2, n ≥ 2

4.	 Im, n = 
0

1

ò xm(1–x)n dx

 = 
n

m n+ +1
 Im,n–1, n ≥ 1

�� gu¥ò :

gu¥ò = y dx
a

b

∫  mšyJ gu¥ò = x dy
c

d

∫

�� ïu©L tistiufS¡F ïilnaahd 

gu¥ò :

A =
a

b

∫ (f(x) – g(x)) dx  mšyJ A = 
c

d

∫ f (y) – g(y) dy

�� fd msî :

V = p
a

b

∫ y2dx mšyJ p
c

d

∫ x2dy
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gÆ‰á 9.1

1.	 {1.1, 1.2, 1.3, 1.4, 1.5} vD« ãÇÉidíl‹ 

ïlJ-Kid Éâia¥ ga‹gL¤â 

xdx
1

1 5.

∫ -¡F njhuha kâ¥ò fh©f.

Ô®î : 	 ï§F a 	 =	 1, 
		  b 	 =	 1.5, n = 5, f (x) = x

		  \ h = Dx 	 =	
b a

n
−

=
1 5 1

5
0 5
5

. .− =  = 0.1 

	� rk msî Dx bfh©l ßk‹ T£lY¡fhd ïlJ 

ÉâahdJ 

		

a

b

∫ x dx	 = 	[f(x0)+f(x1)+.....+ f(x(n–1))]Dx

			   =	 [f(1) + f(1.1) + f(1.2) + f (1.3) 	
� + f (1.4)](0.1)

	 	 =	 (1 + 1.1 + 1.2 + 1.3 + 1.4) (0.1)
		  = 	 6 (0.1)

	 \ x dx
1

1 5.

∫ 	 =	 0.6

2.	 {1.1, 1.2, 1.3, 1.4, 1.5} vD« ãÇÉidíl‹ 

tyJ-Kid Éâia¥ ga‹gL¤â 

x dx2

1

1 5.

∫  -¡F njhuha kâ¥ò fh©f. 

Ô®î :ï§F a = 1, b = 1.5, 

	 h = Dx = 
b a

n
−

 = 
1 5 1

5
0 5
5

. .− =  = 0.1

	� rk msî Dx bfh©l ßk‹ T£lY¡fhd 

tyJ Kid ÉâahdJ  

	 S = [f (x1) + f (x2) + f (x3) +f (x4) +f (x5)]Dx

	 = [f (1.1) + f (1.2) + f (1.3) + f (1.4) + f (1.5)](0.1)
	 = [(1.1)2+(1.2)2+(1.3)2+(1.4)2+(1.5)2](0.1)
	 = (1.21+1.44+1.69+1.96+2.25) (0.1)
	 = (8.55) (0.1)

	 \ 
1

1 5.

∫ x2 dx = 0.855

3.	 {1.1, 1.2, 1.3, 1.4, 1.5}vD« ãÇÉidíl‹ 

eL-Kid Éâia¥ ga‹gL¤â 

2
1

1 5

−( )∫ x dx
.

-¡F njhuha kâ¥ò fh©f. 

Ô®î : �ï§F a = 1, b = 1.5, n  = 5 k‰W« f(x) = 2 – x

	 h = Dx = 
b a

n
−

 = 
1 5 1

5
0 5
5

. .− =  = 0.1

	� rk msî Dx bfh©l ßk‹ T£lY¡fhd 

eLKid ÉâahdJ 

	 S	 = f x x f x x f x x

f x x

0 1 1 2 2 3

3 4

2 2 2

2

+æ
è
ç

ö
ø
÷ +

+æ
è
ç

ö
ø
÷ +

+æ
è
ç

ö
ø
÷

é

ë
ê

+
+æ

è
ç

ö
ø
÷ ++

+æ
è
ç

ö
ø
÷
ù

û
úf x x x4 5

2
D

	 =	 f f f

f

1 1 1
2

1 1 1 2
2

1 2 1 3
2

1 3 1 4
2

+æ
è
ç

ö
ø
÷ +

+æ
è
ç

ö
ø
÷ +

+æ
è
ç

ö
ø
÷

é

ë
ê

+
+

. . . . .

. .ææ
è
ç

ö
ø
÷ +

+æ
è
ç

ö
ø
÷
ù

û
úf 1 4 1 5

2
0 1. . .

	 = [f (1.05) + f (1.15) + f (1.25)+f (1.35)+f (1.45)]
� (0.1)
	 = [0.95 + 0.85 + 0.75 + 0.65 + 0.55)](0.1)
	 = [(2 – 1.05) + (2 – 1.15) + (2 – 1.25) + (2 – 1.35) 
� +  (2 – 1.45)](0.1)

	 = (3.75) (0.1) = 0.375� \
1

1 5.

∫ (2–x)dx = 0.375

gÆ‰á 9.2

1.	 Ñœ¡fhQ« bjhifpLfis T£lÈ‹ 

všiyfshf fz¡»Lf:

(i)	 5 4
0

1

x dx+( )∫ 	 (ii)	 4 12

1

2

x dx−( )∫

Ô®î :	 (i)	 5 4
0

1

x dx+( )∫

	 ï§F a 	=	 0, b = 1, f(x) = 5x + 4

	\ f a b a r
n+ −( )( ) 	 =	 f r

n0 1+ ( )( ) = f r
n( ) = 5 r

n( )  +4

	
a

b

∫ f(x)dx	 =	 lim
n

r
n

r

nb a
n

f a b a
→∞ =

− + −∑ ( ( ) )
1

	 \
0

1

ò (5x + 4)dx 	=	 lim
n n

r

n r
n→∞ =

+



∑1

1

5 4

		  = lim
n r

n

r

n

n
r

n n→∞ = =
+













∑ ∑1 5 1 4
1 1
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		 = lim ( ... )
n n n

n
n

n
→∞

⋅ ⋅ + + + + + ⋅





1 5 1 2 3 1 4

		  = lim ( )
n n

n n
→∞

+ +





5 1
2

42

� [ S r = 
n n( )+1

2
;  S r2= 

n n n( )( )+ +1 2 1
6

]

		  =	 lim
( )

n
n

n
n

→∞

+
+5 1

2
42

2
1

�

		  =	
5
2

(1+ 0) + 4 =
5
2

+ 4

		�   [ n→ ∞ vÅš 1/n → 0]

		  = 
5 8

2
+

 = 
13
2

 

	 \
0

1

ò (5x + 4)dx 	=	
13
2

(ii)	 4 12

1

2

x dx−( )∫

	 ï§F a 	= 	1, b = 2, f(x) = 4x2 – 1
	�  \ f (a + (b – a) r

n ) = f (1+ 1( r
n )) 

		 =	 f (1+ r
n )

		 = 	4(1+ r
n )2 – 1 = 4 (1+ r

n
r

n
2
2

2+ ) – 1

		 = 	4 + 
4 8

2
r

n
r

n

2
+  –1= 3 + 

4 8
2
r

n
r

n

2
+

	 f x dx
a

b
( )ò  	=	  lim ( )

n r

nb a
n

f a b a r
n®¥ =

-
+ -æ

è
ç

ö
ø
÷å

1

\	 ( )4 12

1

2
x dx−∫  = lim

n r

n

n
r

n
r

n→∞ =
+ +









∑1 3 4 82

2
1

	 = lim
n r

n

r

n

r

n

n n
r

n n
r

n→∞ = = =
∑ ∑ ∑+ +













1 3 1 4 1 8

1

2

2
1 1

	 =	 lim . ( ... )

( .... )

n n
n

n n
n

n n
n

®¥ 2
+ + + +é

ëê

+ × + + + ù
ûú

1 3 1 4 1 2

1 8 1 2 3

2 2 2

	 = lim ( )( ) ( )
n n

n n n
n

n n
→∞

+ + + + +





3 4 1 2 1
6

8 1
23 2

� [ S r = 
n n( )+1

2
   S r2= 

n n n( )( )+ +1 2 1
6

]

	 = lim
( )( ) ( )

n
n n n

n

n

n

n
→∞

+
+ +

+
+











3 4 1 2
6

8 1
23

3 1 1

2

2 1

	 = 3 + 2
3  (1+0)(2 + 0) + 4(1 +0)

� [ n→ ∞ vÅš 1/n → 0]

	 =	3 + 
4
3

 + 4 = 
9 4 12

3
+ +

 = 
25
3

	 \ ( )4 12

1

2
x dx−∫  = 

25
3

gÆ‰á 9.3

1.	 ã‹tU« tiuaW¤j bjhifÆlÈ‹ 

kâ¥ò fh©f :

	 (i)	 dx

x2
3

4

4−∫ [br¥. - 2020] 

	 (ii)	 dx

x x2
1

1

2 5+ +−
∫

	 (iii)	 1
10

1 −
+∫

x

x
dx  [Mf°£ - 2021]

	 (iv)	 e
x

x
dxx 1

10

2 +
+

æ
è
ç

ö
ø
÷ò

sin
cos

p

	 (v)	 cos sinθ θ θ

π

0

2
3∫ d

	 (vi)	
1

1

2

2 2
0

1 −

+( )∫
x

x
dx

Ô®î :	 (i)     dx

x2
3

4

4−∫

			 
dx

x2
3

4

4−∫ 	 =	
dx

x2 2
3

4

2−∫

	�  

dx
x a a

x a
x a2 2

1
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=
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é

ë
ê

ù

û
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1
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1
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dx

x x
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1
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1
2

1

1

1
tan−

−

+

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x x
x x
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2.	 ã‹tU« tiuaW¤j bjhifÆlšfis, 

bjhifÆlÈ‹ g©òfis¥ ga‹gL¤â 
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10
m¤âaha«

rhjhuz tif¡bfG¢  

rk‹ghLfŸ

K¡»a tiuaiwfŸ

�� xU tif¡bfG¢ rk‹gh£oš fhz¥gL« Äf ca®ªj tif¡bfGÉ‹ tÇirna m¢rk‹gh£o‹ 

tÇir (order) MF«. 

�� xU tif¡bfG¢ rk‹gh£il gšYW¥ò¡ nfhit toÉš vGj ïaYbkÅš, m¢rk‹gh£oš 

njh‹W« Äf ca®ªj tÇiríila tif¡bfGÉ‹ KG v© gona m¢rk‹gh£o‹ go 

vd¥gL«. 

�� xU tif¡bfG¢ rk‹ghL xnubahU rhuh kh¿ia¥ bghW¤J x‹W mšyJ mj‰F nk‰g£l 

rh®òfË‹ rhjhuz tif¡bfG¡fis¡ bfh©LŸsJ vÅš, m¢rk‹ghL rhjhuz 

tif¡bfG¢ rk‹ghL vd¥gL«.

�� xU tif¡bfG¢ rk‹ghL x‹W mšyJ mj‰F nk‰g£l rh®òfË‹ gFâ tif¡bfG¡fis 

k£L« bfh©oU¡F« vÅš, m¢rk‹ghL gFâ tif¡bfG¢ rk‹ghL vd¥gL«.

�� an(x)y(n) + an–1(x) yn–1 + ... + a1(x)y + a0 = g(x) v‹w rk‹gh£oš g(x) = 0 vÅš m¢rk‹ghL 

rkgo¤jhd rk‹ghL vd¥gL«.

�� xU tif¡bfG¢ rk‹gh£o‹ Ô®Éš cŸs khw¤j¡f kh¿ÈfË‹ (vnj¢ir kh¿ÈfË‹) 

v©Â¡ifahdJ, m›tif¡bfG¢ rk‹gh£o‹ tÇir¡F¢ rkkhf ïU¥ã‹, m¤Ô®Éid 

m¢rk‹gh£o‹ bghJ¤ Ô®î v‹»nwh«.

�� bjhifp£L¡ fhuÂ I.F = e pdx∫ dy
dx

y+ P  = Q.

��
dy
dx

y+ P  = Q ï‹ Ô®î ye pdx∫  = Q C∫ ∫ +e dxpdx

343
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ÃidÉš bfhŸs nt©oa N¤âu§fŸ

�� VnjD« xU rk‹ghL xU rh®ã‹ Fiwªjg£r« xU rhjhuz tif¡bfG mšyJ gFâ 

tif¡bfGitahtJ bfh©oU¡Fkhdhš m¢rk‹ghL tif¡bfG¢ rk‹ghlhF«.

�� xU tif¡bfG¢ rk‹gh£oš fhz¥gL« Äf ca®ªj tif¡bfGÉ‹ tÇirna m¢rk‹gh£o‹ 

tÇir (order) MF«.

�� xU tif¡bfG¢ rk‹gh£il gšYW¥ò¡ nfhit toÉš vGj ïaYbkÅš, m¢rk‹gh£oš 

njh‹W« Äf ca®ªj tÇiríila tif¡bfGÉ‹ KG v© gona m¢rk‹gh£o‹ go 

vd¥gL«.

�� xU tif¡bfG¢ rk‹gh£il Äf ca®ªj tÇir¡ bfh©l tif¡bfGit Kj‹ik cW¥ghf¡ 

bfh©l gšYW¥ò¡ nfhit¢ rk‹ghlhf vGj ïayÉšiy vÅš m¢rk‹gh£o‹ goia 

tiuaW¡f KoahJ.

�� xU tif¡bfG¢ rk‹ghL xnubahU rhuh kh¿ia¥ bghU¤J x‹W mšyJ mj‰F nk‰g£l 

rh®òfË‹ rhjhuz tif¡bfG¡fis¡ bfh©LŸsJ vÅš, m¢rk‹ghL rhjhuz 

tif¡bfG¢ rk‹ghL vd¥gL«.

�� xU tif¡bfG¢ rk‹ghL x‹W mšyJ mj‰F nk‰g£l rh®òfË‹ gFâ tif¡bfG¡fis 

k£L« bfh©oU¡F« vÅš, m¢rk‹ghL gFâ tif¡bfG¢ rk‹ghL vd¥gL«.

�� xU kh¿Èia¡ bfh©l rk‹gh£oÈUªJ m«kh¿Èia Ú¡Ftjhš Kjš tÇir tif¡bfG¢ 

rk‹gh£ilí« k‰W« ïu©L kh¿Èfis¡ bfh©l rk‹gh£oÈUªJ ïu©L kh¿Èfisí« 

Ú¡Ftjhš ïu©lh« tÇir tif¡bfG¢ rk‹gh£ilí« k‰W« ïnjnghš bjhlu, Ú¡f¥gL« 

kh¿ÈfË‹ v©Â¡ifnf‰g tÇirfis¡ bfh©l tif¡bfG¢ rk‹ghLfis¥ bgwyh«.

�� xU tif¡bfG¢ rk‹gh£oid Ãiwî brŒíkhW rh®ªj kh¿fis rhuh kh¿fSl‹ 

bjhl®ògL¤J« nfhit m¢rk‹gh£o‹ Ô®î MF«.

�� xU tif¡bfG¢ rk‹gh£o‹ Ô®Éš cŸs khw¤j¡f kh¿ÈfË‹ (vnj¢ir kh¿ÈfË‹) 

v©Â¡ifahdJ, m›tif¡bfG¢ rk‹gh£o‹ tÇir¡F¢ rkkhf ïU¥ã‹, m¤Ô®Éid 

m¢rk‹gh£o‹ bghJ¤ Ô®î v‹»nwh«. 

�� xU tif¡bfG¢ rk‹gh£o‹ bghJ¤Ô®Éš cŸs khw¤j¡f kh¿ÈfS¡F F¿¥ã£l 

kâ¥òfis¡ bfhL¥gjhš bgw¥gL« Ô®Éid F¿¥ã£l Ô®î v‹ngh«.

�� f1 (x) g1 (y) dx +  f2
 ( x) g2 (y) dy = 0 vD« toÉš cŸs rk‹ghL kh¿fŸ ãÇgl¡ToaJ mšyJ 

kh¿fŸ ãÇgl¡Toa rk‹ghL vd¥gL«.

�� n ∈ k‰W« bghU¤jkhf f£L¥gL¤j¥g£l x, y k‰W« t M»at‰W¡F f (tx, ty) = tn f (x, y) 
vÅš, x, y M»at‰iw kh¿fsh¡ bfh©l rh®ò  f (x, y) MdJ nM« goÆš rkgo¤jhd rh®ò 

vd¥gL«. ïJ MŒyÇ‹ rkgo¤j‹ik vdî« miH¡f¥gL«.

�� f(x, y) v‹gJ go 0 bfh©l rkgo¤jhd rh®ò vÅš, f(x, y) v‹gij v¥bghGJ« g y
x

æ
è
ç

ö
ø
÷  mšyJ   

g x
y







vD« toÉš vGJkhW vD« rh®ò ïU¡F«.

�� xU rhjhuz tif¡bfG rk‹gh£il 
dy
dx

 = g y
x

æ
è
ç

ö
ø
÷  vD« mik¥ãš vGj Koíkhdhš, 

m¢rk‹ghL rkgo¤jhd mik¥ãš cŸs tif¡bfG rk‹ghL vd¥gL«. 
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�� Kjš tÇir neÇaš tif¡bfG rk‹gh£o‹ tot« 
dy
dx

+ Py = Q MF«. ï§F P k‰W« Q 

v‹gd x-ïš k£Lnk cŸs rh®òfshF«. ï¢rk‹gh£oš y k‰W« mj‹ tif¡bfG 
dy
dx

 

ï›Éu©o‹ bgU¡fš gy‹ ïU¡fhJ. nkY« rh®ªj kh¿ y k‰W« rhuhkh¿ x-I¥ bghU¤j 

mjDila tif¡bfG M»ait Kjyh« goahf k£Lnk fhz¥gL«. bfhL¡f¥g£l tif¡bfG¢ 

rk‹gh£o‹ Ô®î ye e dxdx dxP P
Q Cò = ò +ò  vd¡ »il¡»wJ. ï§F e dxPò  v‹gJ rk‹ghL (1)-‹ 

bjhifp£L¡ fhuÂ (bjh.fh) vd¥gL«. 

��
dx
dy

+ Px = Q v‹w Kjš tÇir neÇaš rk‹gh£oš P k‰W« Q v‹gd y-š k£Lnk cŸs 

rh®òfshF«. ï¢rk‹gh£oš x k‰W« 
dy
dx

 ï›Éu©L« bgU¡fyhf ïU¡fhJ.

�� nkY« rh®ªj kh¿ x k‰W« rhuhkh¿ y-I¥ bghU¤j mj‹ tif¡bfG M»at‰¿‹ go 1 Mf 

k£Lnk fhz¥gL«. ï›tifÆš, tif¡bfG¢ rk‹gh£o‹ Ô®î xe e dydy dyP PQ  Cò = ò +ò  

MF«.

�� t neu¤âš xU bghUË‹ ïU¥ò x vÅš, t neu¤âš m¥bghUË‹ ïU¥ã‹ fzneu khWåj« 

dx
dt

 MF«.

gÆ‰á 10.1

1.	 ã‹tU« tif¡bfG¢ rk‹ghLfŸ 

x›bth‹¿‹ tÇir k‰W« go 

(ïU¡Fkhdhš) M»at‰iw¤ Ô®khÅ¡f.

(i)	
dy

dx
+ xy = cot x

(ii)	 d y

dx

d y

dx

dy

dx

3

3

2
3 2

23 5 4 0
æ

è
ç

ö

ø
÷ - + + =

(iii)	 d y

dx

dy

dx
x d y

dx

2

2

2 2 2

2

æ

è
ç

ö

ø
÷ + æ

è
ç

ö
ø
÷ =

æ

è
ç

ö

ø
÷sin � [ãoV - 1]

(iv)	
dy

dx

dy

dx
x- - =4 7 0

(v)	 y
dy

dx

x

dy
dx

dy
dx

æ
è
ç

ö
ø
÷ =

æ
è
ç

ö
ø
÷ + æ

è
ç

ö
ø
÷

3 � [ãoV - 4]

(vi)	 x
d y

dx
dy

dx

2
2

2

2
1
2

1 0+ + æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú =

(vii)	 d y

dx

dy

dx

2

2

3

1
æ

è
ç

ö

ø
÷ = + æ

è
ç

ö
ø
÷

(viii)	
d y

dx
xy

dy

dx

2

2 = + æ
è
ç

ö
ø
÷cos

(ix)	 d y

dx

dy

dx
ydx x

2

2
35+ + =ò

(x)	 x e
xy

dy
dx=

æ
è
ç

ö
ø
÷

Ô®î : (i)	
dy

dx
+ xy = cot x

	 	 bfhL¡f¥g£l tif¡bfG rk‹ghL

		  		  dy
dx

xy+ 	 =	 cot x.

	� Äf ca®ªj tif¡bfG 1 k‰W« 

mjDila mL¡F 1 

	 tÇir 1, go 1.

   (ii)	 d y

dx

d y

dx

dy

dx

3

3

2
3 2

23 5 4 0
æ

è
ç

ö

ø
÷ - + + =

	 bfhL¡f¥g£l tif¡bfG rk‹ghL

		

d y
dx

d y
dx

dy
dx

3

3

2
3 2

23 5 4




 −





 + +  =	0

		  ⇒	 d y
dx

3

3

2
3



 	 =	 3 5 4

2

2

d y
dx

dy
dx





 − 



 −
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	 _‹¿‹ mL¡if ïUòwK« vL¡f 

»il¥gJ,

				  

d y
dx

3

3

2




 	 =	 3 5 4

2

2

3
d y
dx

dy
dx





 − 



 −







		�  Äf ca®ªj tif¡bfG 3 k‰W« 

mjDila mL¡F 2. 

	 \ tÇir  3, go  2.

�(iii)	 d y

dx

dy

dx
x d y

dx

2

2

2 2 2

2

æ

è
ç

ö

ø
÷ + æ

è
ç

ö
ø
÷ =

æ

è
ç

ö

ø
÷sin

		  Äf ca®ªj tif¡bfG 2
		  ∴tÇir  2

	 �bfhL¡f¥g£l tif¡bfG rk‹gh£il 

tif¡bfG¡fshš Md gšYW¥ò¡ 

nfhitahf vGj ïayÉšiy. Mjdhš 

mjDila go tiuaW¡f¥glÉšiy. 

(iv)	
dy

dx

dy

dx
x- - =4 7 0

	 bfhL¡f¥g£l tif¡bfG rk‹ghL

		  		  dy
dx

	 =	 4 7dy
dx

x+

		  ïUòwK« t®¡f¥gL¤j,

	 			   dy
dx

	 =	 4 7
2dy

dx
x+



  

		  = 16 49 56
2

2dy
dx

x x dy
dx





 + + 





	� Äf ca®ªj tif¡bfG 1 k‰W« 

mjDila mâfg£r mL¡F 2.
	 ∴ tÇir 1, go 2.

(v)	 y
dy

dx

x

dy
dx

dy
dx

æ
è
ç

ö
ø
÷ =

æ
è
ç

ö
ø
÷ + æ

è
ç

ö
ø
÷

3

			   bfhL¡f¥g£l tif¡bfG rk‹ghL 
	

		�  y dy
dx





 =	

x
dy
dx

dy
dx





 + 





3  

		  ⇒	 y dy
dx

y dy
dx





 + 





2 4

	 =	 x

	� mâfg£r tif¡bfG 1 k‰W« mjDila 

caÇa mL¡F 4.
	 ∴ tÇir 4, go 1

(vi)	 x
d y

dx
dy

dx

2
2

2

2
1
2

1 0+ + æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú =

	 bfhL¡f¥g£l tif¡bfG rk‹ghL

		 x d y
dx

dy
dx

2
2

2

2
1
2

1




 + + 













  = 0

			   x d y
dx

2
2

2





 	 =	− + 













1

2
1
2dy

dx

	 	 		  =	− + 



1

2dy
dx

	 	 ïUòwK« tif¥gL¤j,

	 		
x d y

dx
4

2

2

2
æ
è
ç

ö
ø
÷ 	=	1

2

+ 





dy
dx

	� caÇa tif¡bfG 2 k‰W« mjDila 

mL¡F 2.
	 \ tÇir 2, go 2.

(vii)	 d y

dx

dy

dx

2

2

3

1
æ

è
ç

ö

ø
÷ = + æ

è
ç

ö
ø
÷

	 bfhL¡f¥g£l tif¡bfG rk‹ghL

	 		

d y
dx

2

2

3




 	 =	 1+ 





dy
dx

	 ïUòwK« t®¡f¥gL¤j »il¥gJ, 

			 

d y
dx

2

2

6




 	 =	1+ 





dy
dx

	� caÇa tif¡bfG 2 k‰W« mjDila 

mL¡F 6.
	 \ tÇir 2, go 6.

(viii)	
d y

dx
xy

dy

dx

2

2 = + æ
è
ç

ö
ø
÷cos

	 bfhL¡f¥g£l tif¡bfG rk‹ghL

				  

d y
dx

2

2 	 =	 xy dy
dx

+ 



cos

caÇa tif¡bfG 2.
\ tÇir 2.

�ï¢rk‹ghL tif¡bfG¡fis bfh©l 

gšYW¥ò¡ nfhit¢ rk‹ghlšy. Mfnt, 

ï¢rk‹gh£o‹ go tiuaW¡f¥glÉšiy. 
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(ix)	 d y

dx

dy

dx
ydx x

2

2
35+ + =ò

bfhL¡f¥g£l tif¡bfG rk‹ghL

			 

d y
dx

dy
dx

ydx
2

2 5+ + ∫ 	 =	 x3.

‘x’-I bghW¤J Û©L« tifÆl »il¥gJ, 

			 

d y
dx

d y
dx

y
3

3

2

25+ + 	 =	 3x2

caÇa tif¡bfG 3 k‰W« mjDila 

mL¡F 1.
\ tÇir 3 k‰W« go 1.

(x)	 x e
xy

dy
dx=

æ
è
ç

ö
ø
÷

bfhL¡f¥g£l tif¡bfG rk‹ghL

				  
x	 =	 e dy

dx
xy 



  

	 	 ⇒ 	 log x	 =	 xy dy
dx







caÇa tif¡bfG 1.

\ go 1.
ï¢rk‹ghL tif¡bfG¡fis bfh©l 

gšYW¥ò¡ nfhit¢ rk‹ghlšy. Mfnt, 

ï¢rk‹gh£o‹ go tiuaW¡f¥glÉšiy. 

gÆ‰á 10.2

1.	 ã‹tU« ïa‰ãaš T‰WfŸ 

x›bth‹iwí«, tif¡bfG¢ rk‹ghlhf 

vGJf.

(i)	 nuoa« áijîW« åjkhdJ 

fhz¥gL« msî Q-¡F 

ne®É»j¤âš ïU¡F«.

(ii)	 xU efu¤â‹ k¡fŸ bjhif P MdJ, 

k¡fŸbjhif k‰W« 5,00,000-¡F« 

k¡fŸ bjhif¡F« cŸs ntWghL 

M»at‰iw bgU¡»¡ »il¡F« 

kâ¥ò¡F ne®É»j¤âš mâfÇ¡»wJ.

(iii)	 xU bghUË‹ bt¥gÃiy TI¥ 

bghU¤J MÉ mG¤j« P-‹ 

khWåjkhdJ, MÉ mG¤j¤â‰F 

ne®É»j¤âY«, bt¥gÃiyÆ‹ 

t®¡f¤â‰F vâ®É»j¤âY« cŸsJ.

(iv)	 xU nrÄ¥ò¤ bjhif¡F xU 

tUl¤â‰F tH§f¥gL« 8% t£o¤ 

bjhifahdJ bjhl®¢áahf mrYl‹ 

nr®¡f¥gL»wJ. nkY«, k‰bwhU 

Kjä£oÈUªJ x›bthU M©L« 

»il¡F« tuî `400 ï¤bjhifíl‹ 

bjhl®¢áahf nr®¡f¥gL»wJ.

Ô®î : (i)	� Q MdJ nuoa¤â‹ msit¡ F¿¡F« 

v‹f.

bfhL¡f¥g£lJ 
d
dt
Q Qa a Q

			   d
dt
Q = 	kQ ï§F k xU kh¿È.

   (ii)	 xU efu¤â‹ k¡fŸ bjhif P v‹f.

		  bfhL¡f¥g£lJ d
dt
P  α P (5,00,000 – P)

 [P k‰W« (50,000 – P) ï‹ bgU¡fš gy‹]

	 	 ⇒	 d
dt
P 	 =	 kP (5,00,000 – P) 

ï§F k xU kh¿È.

	   (iii)	�MÉ mG¤j¤ij P F¿¡»wJ k‰W« MÉ 

bt¥g¤ij T F¿¡»wJ v‹f. 

			 
bfhL¡f¥g£lJ d

dt
P  α P

T
⋅ 1

2

� [\ bt¥gÃiyÆ‹ t®¡f¤â‰F 

� vâ®É»j¤âš cŸsJ]

		
⇒	

d
dt
P

	 =	
kP
T2  ï§F k xU kh¿È. 

   (iv)	� x v‹gJ nrÄ¥ò¡ fz¡»YŸs mriy¡ 

F¿¡»wJ v‹f. 

				    R	 =	 8% k‰W« N = 1.

				  
\ t£o	 =	

PNR
100

 = 
x × ×1 8

100
 = 

2
25

x

	 	 bfhL¡f¥g£lJ

				    dx
dt

	 =	 t£o + ` 400.

				    \ 
dx
dt

	 =	
2
25

400x +

2.	 xU nfhs tot kiH¤JËahdJ mj‹ 

tisgu¥ã‹ khWåj¤â‰F ne®É»j¤âš 

MÉah»wJ. kiH¤JËÆ‹ Mu¤â‹ 

khWåj¤ij cŸsl¡»a tif¡bfG¢ 

rk‹gh£il cUth¡Ff.� [ãoV - 2]
Ô®î : �V nfhs kiH JËÆ‹ fd msî k‰W« A  

tisgu¥ò k‰W« r Mu« v‹f.
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			   ∴V	 =	
4
3

πr3 k‰W« 

			   A	 =	 4πr2

			   bfhL¡f¥g£lJ

			    
d
dt
V

	 =	 –kA

� [ kiH¤JË MÉah»wJ]

		  ⇒	
d
dt

r4
3

3pæ
è
ç

ö
ø
÷ 	 =	 – k (4πr2)

		  ⇒	
4
3

3p. d
dt r( ) 	 =	 – 4kπr2

		  ⇒	
4
3

3 2. . .p r dr
dt

	 =	 - 4 2k rp

	 ⇒	
dr
dt

	 =	 –k

	 v‹gJ njitahd tif¡bfG rk‹ghL.

gÆ‰á 10.3

1.	 xU js¤âš (i) ne®¡F¤J mšyhj 

ne®¡nfhLfŸ (ii) »ilk£l« mšyhj 

ne®¡nfhLfŸ M»a bjhF¥òfË‹ 

tif¡bfG¢ rk‹ghLfis¡ fh©f.

Ô®î :	

	 (i)	�  xU js¤âš ne®¡F¤J mšyhj ne®¡nfhLfŸ 

FL«g¤â‹ rk‹ghL ax + by = 1, b ≠ 0,  
a ∈ .

	 	 ‘x’-I¥ bghW¤J tifÆl »il¥gJ,

				    a b dy
dx

+ 	 =	 0

	 ‘x’ -I¥ bghW¤J Û©L« tifÆl »il¥gJ,

				  
b d y

dx

2

2 	 =	 0 ⇒ 
d y
dx

2

2  = 0� [ b ≠ 0]

	 (ii)	� xU js¤âš »ilk£l« mšyhj 

ne®¡nfhLfŸ FL«g¤â‹ rk‹ghL  
ax + by = 1, a ≠ 0, k‰W« b ∈ .

	 ‘y’-I¥ bghW¤J tifÆl »il¥gJ,

				    a dx
dy

b+ 	 =	 0

	 Û©L« ‘y’-I¥ bghW¤J tifÆl »il¥gJ,

				  
a d x

dy

2

2 	 =	 0 ⇒ 
d x
dy

2

2  = 0� [ a ≠ 0]

2.	 x2 + y2 = r2 vD« t£l¤ij¤ bjhL« 

všyh ne®¡nfhLfË‹ tif¡bfG¢ 

rk‹gh£il¡ fh©f. 
Ô®î :	 x2 + y2 = r2 t£l¤ij bjhL»‹w nfhLfË‹ 

FL«g¤â‹ rk‹ghL y = mx + c v‹f.� ...(1)
	 x2 + y2 = r2 v‹w t£l¤â‰F y = mx + c v‹w 

bjhLnfhlhf ïU¡f Ãgªjid c2 = r2 (1 + m2)

				    c	 =	 ± r m1 2+ � ... (2)
	 rk‹ghL (2) I (1)š ãuâÆl »il¥gJ,

				    y	 =	 mx + r m1 2+

	 ⇒			  y – mx	 =	 ± r m1 2+ � ... (3)

	 (1) ÈUªJ,	
dy
dx

	 =	 m� ... (4)

	 (4) I (3) š ãuâÆl »il¥gJ,

				    y – x dy
dx

æ
è
ç

ö
ø
÷ 	 =	 ± ra dy

dx
r

1
2

+ æ
è
ç

ö
ø
÷

	 ïUòwK« t®¡f¥gL¤j »il¥gJ, 

	 ⇒	 y x dy
dx

- æ
è
ç

ö
ø
÷

é
ëê

ù
ûú

2

	 =	 r2a dy
dx

r2
2 2

1+ æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú

3.	 Mâ¥òŸË tÊahf¢ bršY«, ika¤âid 

x-m¢á‹ ÛJ bfh©l všyh t£l§fË‹ 

tif¡bfG¢ rk‹gh£il¡ fh©f. 

Ô®î : �ika¤âid x-m¢á‹ ÛJ bfh©LŸsjhš, 
(g, 0) k‰W« Mu« g v‹f.

	

(g ,0)

g

y

x

	 t£l¤â‹ rk‹ghL

			   (x – g)2 + (y – 0)2	 =	 g2

	 ⇒ 		 x2 – 2xg + g2 + y2	 =	 g2

	 ⇒		 x2 – 2xg + y2	 =	 0� ...(1)
	 ‘x’I bghW¤J tifÆl »il¥gJ,

	 ⇒ 		 2x – 2g(1) + 2y dy
dx

	 =	 0

	 ⇒		 2x + 2y dy
dx

	 =	 2g

	 ⇒ 		 x + y dy
dx

	 =	 g� ...(2)
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m¤âaha«

11

K¡»a tiuaiwfŸ

�� TWbtË S-ÈUªJ bkŒba©fŸ R -¡F tiuaW¡f¥gL« X vD« xU rkthŒ¥ò kh¿, X-ï‹ 

å¢R v©Âlj¡fjhf ïUªjhš jÅÃiy rkthŒ¥ò kh¿ahF«. mjhtJ, KoîW mšyJ 

v©Âlj¡f Koîwh v© kâ¥òfis k£Lnk bfh©oU¡F«. ï§F S fz¤âš cŸs x›bthU 

kâ¥ã‹ Ãfœjfî« Äifba© Ãfœjfî¡ bfh©ljhfî«, ÃfœjfîfË‹ bkh¤j TLjš 

x‹whfî« ïU¡F«.

�� X v‹gJ xU jÅÃiy rkthŒ¥ò kh¿È vÅš

	 f(xk) = P (x = xk) , k = 1, 2, 3 . .. n v‹gJ Ãfœjfî X Ãiw¢ rh®ghf tiuaW¡f¥gL»wJ.

�� x1 < x2 < x3 ... vD«go x1, x2, x3 ... kâ¥òfS¡F F(x)-I Ãfœjfî Ãiw¢ rh®ghf¡ bfh©oU¡F« 

jÅÃiy rkthŒ¥ò kh¿ X -ï‹ FÉî gutš rh®ò F(x)-ï‹ Ãfœjfî Ãiw¢rh®ò 
F P Xx x f xi

x xi

( ) = £( ) = ( )
£

å , x ∈  MF«.

�� S v‹gJ xU TWbtË v‹f. X:S →  vD« xU rkthŒ¥ò kh¿ -‹ xU fzkhd I -š 

VnjD« kâ¥ig¥ bgW« v‹f. I -ïš cŸs mid¤J x -¡F« P(X= x) = 0 v‹gJ X -ï‹ xU 

bjhl®¢áahd rkthŒ¥ò kh¿ahF«.

�� X (bt‰¿) = 1 k‰W« X (njhšÉ) = 0 vd tiuaW¡f¥gL« xU bg®ndhÈ nrhjidíl‹ ïizªj 

rkthŒ¥ò kh¿ X -¡F ,

	 f x
p x

q p x
( ) =

=
= - =

ì
í
î

,
,

1
1 0

 ï§F 0 < p < 1.

��  X v‹gJ bg®ndhÈ rkthŒ¥ò kh¿ vdî« k‰W« f(x)  v‹gJ bg®ndhÈ gutš vdî« Kiwna 

miH¡f¥gL»wJ.
�� <UW¥ò rkthŒ¥ò kh¿ X v‹gJ n-rh®g‰w Ka‰áfËš bt‰¿fË‹ v©Â¡ifia¡ F¿¡»wJ 

v‹f . bt‰¿¡fhd Ãfœjfî p vd¡ bfh©lhš, njhšÉ¡fhd Ãfœjfî q = 1– p MF«. <UW¥ò 

gutiy X∼ B(n, p) vd¡ F¿¥g® . 

�� X -‹ Ãfœjfî Ãiw rh®ò f(x) = n
x

æ

è
ç

ö

ø
÷  px (1 – p)n–x, x = 0, 1, 2, . . n MF«.

Ãfœjfî gutšfŸ 

383
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ÃidÉš bfhŸs nt©oa N¤âu§fŸ

f(x) vD« rh®ò x1, x2, x3...xn ... v‹w bkŒba© kâ¥òfS¡F Ãfœjfî¢ rh®ghf njitahdJ« 

k‰W« nghJkhdJkhd Ãgªjidfshf¡ Ñœ¡fhQ« g©òfis¡ bfh©oU¡f nt©L«. 

(i)	 f(xk) ≥ 0, k = 1, 2, 3, . . n k‰W« 
(ii)	 f xk

k
( ) =å 1

�� FÉî gutš rh®ò F(x) = p(x ≤ x) = f xi
x xi

( )
£

å  = ∑p(X = xi)

FÉî gutš rh®ò g©òfŸ

(i)	 0 ≤ F(x) ≤ 1 ∀ x ∈ R 
(ii)	 x < y vÅš F(x) ≤ F(y)

(iii)	 lim
x a

x
®

( )F  = F(a)

(iv)	 lim
x

x
®¥

( )F  = F (–∞) = 0 

(v)	 lim
x

x
®¥

( )F  = F (∞) = 1

(vi)	 p (x1 < x < x2) = F(x2) – F(x1) 

(vii)	 p (X > x) = 1 – p (X ≤ x) 1 – F (x)

(viii)	 F (x = xk) = F(xk) – F (xk – 1)
�� xU bjhl®¢áahd rkthŒ¥ò kh¿  X -¡F f(·) xU Ãfœjfî rh®ghf ïU¡f nt©LbkÅš

(i)	 f(x) ≥ 0 ∀ x                   (ii)	 f x dx
x

( )
-¥
ò  = 1

.

�� f(x) = d x
dx
F( )

 = F′ (x). tifpL ïU¡F« ïl¤âbyšyh« 

�� E(x) = 

xf

x f x dx

x
( )

×

ì

í
ïï

î
ï
ï

å

ò
-¥

¥

,

,  X xU bjhl®¢áahd vÅš

x xU jÅÃiykh¿ vÅš

( )

x

�� E(x (g)) = 

g x f x g x

g x f x dx g

x
( ) ( ) ( )

( ) (x)

å

ò ( )
-¥

¥

,

,

 xU jÅÃiykh¿ vÅš

 xU bjhl®¢áahd vÅš

ì

í
ïï

î
ï
ï

�� gut‰go = V(x) = E (x – E(x))2 = E (x – μ)2

�� â£l És¡f« s = ( )v x
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fÂj vâ®gh®¥ò k‰W« gut‰goÆ‹ g©òfŸ

(i)	 E (ax + b) = a E (x) + b ï§F a k‰W« b kh¿ÈfŸ

(ii)	 Var (x) = E(x2) – [E(x)]2

(iii)	 Var (ax + b) = a2 Var (x).

xU òŸË gutš

�� f(x) = P(X = x0)  = 1vd tiuaW¡f¥gL« Ãfœjfî Ãiw rh®ò f(x)-‹go xU òŸË x0 ïU¡Fkhdhš, 

rkthŒ¥ò kh¿ X -¡F, xU òŸË gut‰go mikí«.

ïU òŸË gutš

�� rk¢Óu‰w tif : 	f(x) = 
,ì

í
î 1 - p , x = x2 

x = x1p
 ï§F 0 < p < 1

	 vd mikíkhW ïU kâ¥òfŸ x1 k‰W« x2 ïU¡Fkhdhš rkthŒ¥ò kh¿ X -¡F ïU òŸË gutš 

c©L.

	 FÉî gutš rh®ò

�� F(x) = 
0

1

1

1 2

2

,
,
,

x x
x x

x x

<
£ <

³

ì

í
ï

î
ï

bg®ndhÈ gutY¡F

�� μ = p k‰W« σ2 = pq
<UW¥ò gutY¡F

�� μ = np k‰W« σ2 = np (1 – p).

gÆ‰á 11.1

1.	 X v‹gJ _‹W Óuhd ehza§fis xnu 

rka¤âš xU Kiw¢ R©L«nghJ ÉG« 

ó¡fË‹ v©Â¡if v‹f. rkthŒ¥ò 

kh¿ahd X-ï‹ kâ¥òfisí« mj‹ 

ne®khW ã«g§fËš cŸs òŸËfË‹ 

v©Â¡ifiaí« fh©f

Ô®î : �_‹W Óuhd ehza§fŸ xU Kiw R©L« 

nghJ TWbtË

	 s = {HHH, HHT, THH, HTH, HTT, THT, TTH, 
� TTT}
	 ï§F X v‹gJ ó¡fË‹ v©Â¡ifia 

F¿¡»wJ v‹f.
			   X (0 ó)	 =	 {HHH} = 1
	   		  X (1 ó)	 =	 {HHT, THT, HTH} = 3
			   X (2 ó¡fŸ)	 =	 {HTT, THT, TTH} = 3
		  X (3 ó¡fŸ)	=	{TTT} = 1
	 ∴ X vL¤J¡ bfhŸS« kâ¥òfŸ 0, 1, 2, 3.

rkthŒ¥ò kh¿ X ï‹ 

kâ¥òfŸ
0 1 2 3 bkh¤j«

ne®khW ã«g§fË‹ 

cW¥òfË‹ 

v©Â¡if

1 3 3 1 8

2.	 52 Ó£Lf£Lfis cila xU 

Ó£L¡f£oÈUªJ ïU Ó£LfŸ 

xnu rka¤âš rkthŒ¥ò KiwÆš 

vL¡f¥gL»‹wd. m›thW vL¡f¥g£l 

Ó£LfŸ fU¥ghf ïU¥ã‹ rkthŒ¥ò 

kh¿ahd X-ï‹ kâ¥òfisí« mj‹ 

ne®khW ã«g§fËš cŸs òŸËfË‹ 

v©Â¡ifiaí« fh©f.

Ô®î :	 fU¥ò k‰wit bkh¤j«

26 26 52

			  n (s)	 =	 52C2 = 
52 51
1 2

26
´

´
 = 1326
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	 X v‹gJ rkthŒ¥ò kh¿ vL¡f¥gL« fU¥ò 

gªJfË‹ v©Â¡ifia F¿¡»wJ v‹f.

		  X	 =	 0, 1, 2 
		  X(W)	 =	 0 fU¥ò Ó£L ïšyhkš

				    1 xU fU¥ò Ó£L 
			   	 2 ïu©L fU¥ò Ó£L

	 X (fU¥ò mšyhj Ó£L)	 =	 X(0) = 26C0 × 26C2

			   =	
1 26 25

1 2
´ ´

´
= 325

		  X xU¥ò fU¥ò Ó£L 	 =	 X(1)  = 26C1 × 26C2
			   =	 26 × 26 = 676
		  X (2 -« fU¥ò) 	 =	 X(2) = 26C2 × 26C0

			   =	
26 25
1 2

13
´
´  = 325

X-ï‹ kâ¥òfŸ 0 1 2 bkh¤j«

ne®khW ã«g 

òŸËfË‹  

v©Â¡if

325 676 325 1326

3.	 xU TilÆš 5 kh§fÅfŸ k‰W« 

4 M¥ãŸfŸ cŸsd. mâÈUªJ 

_‹W gH§fŸ rkthŒ¥ò KiwÆš 

nj®ªbjL¡f¥gL»‹wd. m›thW 

nj®ªbjL¡F« gH§fŸ M¥ãŸfŸ vÅš, 

rkthŒ¥ò kh¿ahd X-ï‹ kâ¥òfisí« 

mj‹ ne®khW ã«g§fËš cŸs 

òŸËfË‹ v©Â¡ifiaí« fh©f.

Ô®î :TWbtË S = {5 kh§fÅfŸ, 4 M¥ãŸfŸ}
	 X vL¡f¥g£l M¥ãŸfË‹ v©Â¡if 

	 X (M¥ãŸ ïšiy) = 5C3 = 
5 4 3
3 2 1

2

1

´ ´

´ ´  = 10

	 X (1M¥ãŸ) = 4C1 × 5C2 = 4 5 4
2 1

2

´
´
´

 = 40

	 X (2 M¥ãŸfŸ) = 4C2 × 5C1 = 
4 3
2 1

5

2

´
´

´  = 30

	 X (3 M¥ãŸfŸ) = 4C3 × 5C0 = 4C1  × 1 = 4
	 ∴ X vL¤J¡ bfhŸS« kâ¥òfŸ 0, 1, 2, 3

rkthŒ¥ò kh¿ÈÆ‹ 

kâ¥òfŸ
0 1 2 3 bkh¤j«

ne®khW ã«g§fË‹ 

cW¥òfË‹ 

v©Â¡if

10 40 30 4 84

4.	 6 át¥ò k‰W« 8 fU¥ò gªJfŸ cŸs 

xU bfhŸfyÅÈUªJ ïU gªJfŸ 

Óuhd KiwÆš nj®ªbjL¡f¥gL»‹wd. 

m›thW nj®ªbjL¡f¥gL« x›bthU 

át¥ò gªâ‰F« ` 15 btštjhfî« 

nj®ªbjL¡f¥gL« x›bthU fU¥ò 

gªâ‰F« ` 10 njh‰gjhfî« bfhŸf. 

btšY« bjhifia X F¿¥gjhf¡  

bfh©lhš X -ï‹ kâ¥òfisí« k‰W« 

mj‹ ne®khW ã«g§fËš òŸËfË‹ 

v©Â¡ifiaí« fh©f.

Ô®î : TWbtË S = {6R, 8B}.
	 X btšY« bjhifia F¿¡»wJ v‹f.

	 X (át¥ò gªJ) = ` 15, X (fU¥ò gªJ) = –` 10
	 X (ïu©L« át¥ò gªJfŸ) = 2 (15) = ` 30
	 X (1 át¥ò k‰W« 1 fU¥ò gªJ) = 15 –10 = ` 5
	 X (ïu©L« fU¥ò gªJfŸ) = 2 (–10) = –` 20.
	 ∴ X vL¤J¡ bfhŸS« kâ¥òfŸ 30, 5, –20.
	 X ï‹ ne®khW ã«g« (ïu©L« át¥ò gªJfŸ)

	 = 6C2 = 
6 5
2 1

3

´
´

 = 15

	 x‹W át¥ò k‰W« x‹W fU¥ò gªâ‹ ne®khW 

ã«g« = 6C1 × 8C1 = 48
	 X ï‹ ne®khW ã«g« (ïu©L« fU¥ò gªJfŸ) 

= 8C2 = 
8 7
2 1

4

´
´

 = 28.

rkthŒ¥ò kh¿ÈÆ‹ 

kâ¥òfŸ
30 5 –20 bkh¤j«

ne®khW ã«g§fË‹ 

cW¥òfË‹ 

v©Â¡if

15 48 28 91

5.	 MW g¡f gfil x‹¿‹ xU g¡f¤âš ‘2’ 
vd¡ F¿¡f¥g£LŸsJ. mj‹ ïu©L 

g¡f§fËš ‘3’ vdî«, ÛjKŸs _‹W 

g¡f§fËš ‘4’ vdî« cŸsJ. ïUKiw 

gfil cU£l¥gL»wJ. X v‹gJ ïU 

cU£lšfËš »il¡F« v©fË‹ 

T£L¤ bjhifia F¿¡»wJ vÅš, 

X-ï‹ kâ¥òfisí« k‰W« mj‹ ne®khW 

ã«g§fËš òŸËfË‹ v©Â¡ifiaí« 

fh©f. 

Ô®î :TWbtË

	 S = �{(2,2) (2,3) (2,3) (2,4) (2,4) (2,4) (3,2) (3,3) 
(3,3) (3,4) (3,4) (3,4) (3,2) (3,3) (3,3) (3,4) 
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(3,4) (3,4) (4,2) (4,3) (4,3) (4,4) (4,4) (4,4) 
(4,2) (4,3) (4,3) (4,4) (4,4) (4,4) (4,2) (4,3) 
(4,3) (4,4) (4,4) (4,4)}

	 ïU cU£lšfËš »il¡F« v©fË‹ T£L¤ 

bjhif X v‹f.

	 X (4) = {(2,2)} = 1

	 X (5) = {(2,3) (2,3) (3,2) (3,2)} = 4
	 X (6) = �{(2,4) (2,4) (2,4) (3,3) (3,3) (3,3) (3,3) 

(4,2) (4,2) (4,2)}
	 X (7) = �{(3,4) (3,4) (3,4) (3,4) (3,4) (3,4) (4,3) 

(4,3) (4,3) (4,3) (4,3) (4,3)}
	 X (8) = �{(4,4) (4,4) (4,4) (4,4) (4,4) (4,4) (4,4) 

(4,4) (4,4)}

rkthŒ¥ò 

kh¿ÈÆ‹ 

kâ¥òfŸ

4 5 6 7 8 bkh¤j«

ne®khW 

ã«g§fË‹ 

cW¥òfË‹ 

v©Â¡if

1 4 10 12 9 36

gÆ‰á 11.2

1.	 _‹W Óuhd ehza§fŸ xnu neu¤âš 

R©l¥gL»‹wd. »il¡F« jiyfË‹ 

v©Â¡if¡fhd Ãfœjfî Ãiw 

rh®ãid¡ fh©f.

Ô®î :	 TWbtË S = {HHH, HHT, HTH, THH, 
HTT, THT, TTH, TTT}

	 x v‹gJ jiyfË‹ v©Â¡ifia F¿¡»wJ 

v‹f.

	 p(x = 0)
	 p(jiy ïšiy) = p(TTT) = 

1
2

1
2

1
2

× ×  = 
1
8

	 p(x = 1) = p(1 jiy) = p(THT, HTT, TTH)  

= 1
8

1
8

1
8

+ +  = 
3
8   �

∵ p(H) = 
1
2

 k‰W« p(T) = 
1
2

	 p(x = 2) = p(2 jiyfŸ) = p(HHT, HTH, THH) 

= 
1
8

1
8

1
8

+ +  = 
3
8

	 p(x = 3) = p(3 jiyfŸ) = p(HHH) = 
1
8

	 ∴ X vL¤J¡ bfhŸS« kâ¥òfŸ 0,1, 2, 3.

	 Ãfœjfî Ãiw rh®ò

x 0 1 2 3

f(x)
1
8

3
8

3
8

1
8

	 ∴ f(x) = 

1
8

0 3

3
8

1 2

,

,

x

x

=

=

ì

í
ïï

î
ï
ï

,

,

2.	 X® mWg¡f gfilÆ‹ xU g¡f¤âš ‘1’ 
vdî«, ïU g¡f§fËš ‘3’ _‹W vdî«, 

k‰W« Vida _‹W g¡f§fËš ‘5’ vdî« 

F¿¡f¥g£LŸsJ. gfil ïUKiw 

år¥gL»wJ. ïUKiw år¥g£lâ‹ 

bkh¤j v©Â¡ifia X F¿¡»wJ.

(i)	 Ãfœjfî Ãiw rh®ò 

(ii)	 FÉî gutš rh®ò

(iii)	 P(4 ≤ X < 10) 
(iv)	 P(X ≥ 6)

Ô®î :	 gfilÆ‹ ÛJŸs v©fŸ 1, 3, 3, 5, 5, 5 
ïUKiw år¥g£lâ‹ bkh¤j v©Â¡ifia 

X F¿¡»wbjÅš, mJ vL¤J¡ bfhŸS« 

kâ¥òfŸ 2, 4, 6, 8, 10.
	 TWbtË S

I/II 1 3 3 5 5 5
1 2 4 4 6 6 6
3 4 6 6 8 8 8
3 4 6 6 8 8 8
5 6 8 8 10 10 10
5 6 8 8 10 10 10
5 6 8 8 10 10 10

	 TWbtË s -áÈUªJ ek¡F »il¥gJ

rkthŒ¥ò 

kh¿ÈÆ‹ 

kâ¥òfŸ

2 4 6 8 10 bkh¤j«

ne®khW 

ã«g§fË‹ 

cW¥òfË‹ 

v©Â¡if

1 4 10 12 9 36

	 p(x = 2) = 
1
36

	 p(x = 4) = 
4

36
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	 p(x = 6) = 10
36

	 p (x = 8) = 
12
36

	 p(x = 10) = 
9
36

	 (i) Ãfœjfî Ãiw¢rh®ò

x 2 4 6 8 10 Total
f(x) 1

36
4

36
10
36

12
36

9
36

1

	 (ii) FÉî gutš rh®ò

	 F(x)x = p(x ≤ x)

	 F(2) = 
1
36

	 F(4) = 
1
36

4
36

+  = 
5

36

	 F(6) = 
1
36

4
36

10
36

+ +  = 
15
36

 

	 F(8) = 
15
36

12
36

+  = 
27
36

 

	 F(10) =
27
36

9
36

+  = 
36
36

 = 1

	  FÉî gutš rh®ò

	

F( )x

x

x

x

x

x

x

=

<

£ <

£ <

£ <

£ <

£ < ¥

ì

í

ï
ï
ï
ï
ï

0 2

1
36

2 4

5
36

4 6

15
36

6 8

27
36

8 10

1 10

ïï
ï

î

ï
ï
ï
ï
ï
ï
ï

	 (iii) p(4 ≤ x < 10) = p(x = 4) + p(x = 6) + p(x = 8)

		      = 4
36

10
36

12
36

+ +  = 
26
36

 = 13
18

	 (iv) p(x ≥ 6) = p(x = 6) + p(x = 8) + p(x = 10)

	        = 
10
36

12
36

9
36

+ +  = 31
36

3.	 kf‹ k‰W« kfS¡F rkthŒ¥ò 

ÃfœjfîfŸ vd¡ fUâ 4 FHªijfŸ 

bfh©l xU FL«g¤âš cŸs kfŸfË‹ 

v©Â¡if¡F Ãfœjfî Ãiw rh®ãidí« 

FÉî gutš rh®ãidí« fh©f.

Ô®î :	 TWbtË = {4 FHªijfŸ}

	 bfhL¡f¥g£l P(G) = P(B) = 1
2

	 x FL«g¤âš cŸs kfŸfË‹ v©Â¡ifia 

F¿¡»wJ v‹f.

	 P(x = 0) 	=	 P(kfŸ ïšiy) 

		  =	 P(BBBB) = 
1
2

1
2

1
2

1
2

× × ×  = 
1

16
	 P(x = 1) 	=	 P(1 kfŸ) 

		  =	 4C1 × P = 4 1
16

×  = 
1
4

	 P(x = 2) 	=	 P(2 kfŸfŸ) 
		  = 	 4C2 × P(GGBB) 

		  =	
2

8

4 3
2 1

1

16

´
´

´  = 
3
8

	 P(x = 3) 	= P(3 kfŸfŸ) 
	 	 = 	 4C3 × P(GGGB) = 4 1

16
×  = 1

4
	 P(x = 4) 	= 	 P(4 kfŸfŸ) 

		  = 	 P(GGGG) = 
1

16

	
Ãfœjfî Ãiw rh®ò

	 f x

x

x

x

( )

, ,

, ,

,

=

=

=

=

ì

í

ï
ï
ï

î

ï
ï
ï

1
4

1 3

1
16

0 4

3
8

2

	 FÉî gutš rh®ò

	
F(0) 	 =	

1
16

	 F(1)	 =	
1

16
1
4

+  = 
5

16

	 F(2) 	 = 	 5
16

3
8

+  = 
5

16
6

16
+  = 

11
16

	 F(3) 	 =	 11
16

1
4

+  = 
11
16

4
16

+  = 
15
16

F(4) 	=	 15
16

1
16

+  = 16
16

 = 1
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F( )

,

,

,

,

,

,

x

x

x

x

x

x

x

=

<ì

í

ï
ï
ï
ï
ï
ïï

î

ï

0
16

0

1
16

0

5
16

1

11
16

2

15
16

3

1 4

£

£

£

£

£

ïï
ï
ï
ï
ï
ï

4.	 xU jÅÃiy rkthŒ¥ò kh¿ 0, 1, k‰W« 2 

kâ¥òfis k£Lnk bfhŸS« v‹f.

f (x)=
x

k
x

x

2 1 0 1 2

0

+
=

ì

í
ï

îï

,

 - ï9  ãw kâ¥òfS¡F

,

, ‹

vd tiuaW¡f¥g£l Ãfœjfî Ãiw 

rh®ã‰F

(i) k -ï‹ kâ¥ò (ii) FÉî gutš rh®ò 
(iii) P(X ≥ 1) M»at‰iw¡ fh©f.

� [ãoV - 1; m.kh.É - 2019]
Ô®î :	 bfhL¡f¥g£l 

f x
x

k
x( ) , , ,

,
=

+
=

ì

í
ï

îï

2 1 0 1 2

0 ï9  ãw kâ¥òfS¡F ‹

rkthŒ¥ò kh¿ X vL¤J¡ bfhŸS« kâ¥òfŸ 0, 1, 2.
Mjyhš f(x) Ãfœjfî Ãiw¢ rh®ò.

(i) f xi
i

( )
=
∑

0

2

 = 1 ⇒  f (0) + f (1) + f (2) = 1

	
⇒	  

0 1+
k  + 

1 1+
k

 + 
4 1+

k
	 =	 1

	 ⇒                 	   
1 2 5
k k k

+ +  	 = 	 1	 ⇒ 
8
k

 =	1 

	 ⇒ 	  k 	 = 	 8

			  ∵ f(x)	 =	
x

k

2 1+

	 Ãfœjfî Ãiw¢ rh®ò

x 0 1 2 bkh¤j«

f(x)
1
8

2
8

5
8 1

(ii)	 F(0)	 =	
1
8

	  F(1)	 =
	

1
8

2
8

+  = 
3
8

	 F(2) 	 =	 1
8

2
8

5
8

+ +  = 
8
8  = 1

	 FÉî gutš rh®ò

	 f x

x

x

x

( )

,

,

,

=

£

+ £

+ = £

ì

í

ï
ï
ï

î

ï
ï
ï

1
8

0

2
8

1
8

3
8

1

3
8

5
8

1 2

,

	 (iii) p(x ≥ 1) = p(x = 1) + p(x = 2) = 
2
8

5
8

+

	        p(x ≥ 1) = 
7
8

5.	 F( )

.

.

.

.

x

x

x

x

x

x

x

=

-¥ < < -
- £ <

£ <
£ <
£ <
£ < ¥

ì

í

0 1
0 15 1 0
0 35 0 1
0 60 1 2
0 85 2 3

1 3

ïï
ï
ïï

î

ï
ï
ï
ï

	 vd¡ bfhL¡f¥g£l xU jÅÃiy 

rkthŒ¥ò kh¿Æ‹ FÉî rh®ã‰F  

(i) Ãfœjfî Ãiw  rh®ò (ii) P(X < 1) k‰W« 
(iii) P(X ≥ 2) fh©f. � [ãoV - 3]

Ô®î :	 bfhL¡f¥g£l F( )

.

.

.

.

x

x
x
x
x
x

x

=

-¥ < < -
- £ <

£ <
£ <
£ <

£ < ¥

ì

í

0 1
0 15 1 0
0 35 0 1
0 60 1 2
0 85 2 3

1 3

ïï
ï
ïï

î

ï
ï
ï
ï

	 rkthŒ¥ò kh¿ X vL¤J¡bfhŸS« kâ¥òfŸ  
–1, 0, 1, 2, 3

	 X ·v‹w jÅÃiy rkthŒ¥ò kh¿ÆÈUªJ

	  f(x) = p(X = x)
∴ f(–1)	 =	 p(X = –1) = F(–1) – F(0)
		  =	 0.15 – 0 = 0.15
	 f(0)	 =	 p(X = 0) = F(0) – F(–1)
		  =	 0.35 – 0.15 = 0.20
	 f(1)	 =	 p(X = 1) = F(1) – F(0)
		  =	 0.60 – 0.35 = 0.25
	 f(2)	 =	 p(X = 2) = F(2) – F(1)
		  =	 0.85 – 0.60 = 0.25
	 f(3)	 =	 p(X = 3) = F(3) – F(2)
 		  =	 1 – 0.85 = 0.15
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	 (i) ∴ Ãfœjfî Ãiw¢ rh®ò

x –1 0 1 2 3
f(x) 0.15 0.20 0.25 0.25 0.15

	 (ii) p(X < 1)
= p(X = –1) + p(X = 0) = 0.15 + 0.20 = 0.35

	 (iii) p(X ≥ 2)
= p(X = 2) + p(X = 3) = 0.25 + 0.15 = 0.40

6.	 xU rkthŒ¥ò kh¿ X-¡F Ãfœjfî 

Ãiwrh®ghdJ.

x 1 2 3 4 5
f(x) k2 2k2 3k2 2k 3k

	 vÅš (i) k kâ¥ò (ii) P(2 ≤ X < 5)
	 (iii) P(3 < X) M»at‰iw¡ fh©f.

� [Mf°£ - 2021]

Ô®î :	 bfhL¡f¥g£l Ãfœjfî Ãiw¢ rh®ò

x 1 2 3 4 5
f (x) k2 2k2 3k2 2k 3k

	 (i)	� f(x) Ãfœjfî Ãiw¢ rh®ò Mjyhš 

f xi
i

( )
=
∑

1

5

 = 1

	 ⇒ k2 + 2k2 + 3k2 + 2k + 3k = 1
	 ⇒                          6k2 + 5k = 1 
	 ⇒                    6k2 + 5k – 1 = 0
	 ⇒                (k + 1)(6k – 1) = 0

	 ⇒                                     k = –1 mšyJ k = 
1
6

�
[∵ k = –1 v‹gJ  rh¤âaÄšiy]

	 ⇒                                     k = 
1
6

	 (ii)    p(2 ≤ x < 5)
			  =	 p(x = 2) + p(x = 3) + p(x = 4)
			  = 	 2k2 + 3k2 + 2k = 5k2 + 2k 

			  =	 5 1
36

2 1
6





 + 





			  =	 5
36

1
3

+ =
5 12

36
+

 =
17
36

	 (iii) 	p(3 < x) = p(x > 3)
			  = 	 p(x = 4) + p(x = 5)
			  = 	 2k + 3k = 5k

			  =	 5 1
6





   = 

5
6

7.	 F (x) = 

0 0
1
2

1

3
5

1 2

4
5

2 3

9
10

3 4

1 4

,

,

,

,

,

,

-¥ < <

£ <

£ <

£ <

£ <

£ < ¥

ì

í

ï
ï
ï
ï
ï
ï

î

x

x

x

x

x

x

0  

ïï
ï
ï
ï
ï
ï

	

	 v‹gJ xU jÅÃiy rkthŒ¥ò 

kh¿Æ‹ FÉî gutš rh®ò vÅš 

(i)	 Ãfœjfî Ãiw rh®ò 

(ii)	 P(X < 3) k‰W« (iii) P(X ≥ 2) 
M»at‰iw¡ fh©f.

Ô®î :	

	 bfhL¡f¥g£l f x

x

x

x

x

x

x

( )

,

,

,

,

,

,

=

-¥ < <

£ <

£ <

£ <

£ <

£ < ¥

ì

í

ï
ï

0 0
1
2

1

3
5

1 2

4
5

2 3

9
10

3 4

1 4

0  
ïï
ï
ï
ï

î

ï
ï
ï
ï
ï
ï

	 (i) 	� rkthŒ¥ò kh¿ X·vL¤J¡ bfhŸS« 

kâ¥òfŸ 0, 1, 2, 3, 4.
			�  jÅÃiy rkthŒ¥ò kh¿¡F e«Äl«  

f(x) = p(X = x) 

			   ∴ f(0)	 =	 F(0) = 
1
2

			   f (1)	 = 	 F(1) – F(0) 

				    =	
3
5

1
2

−  = 
6 5
10
−

 = 
1

10

			   f (2)	 =	 F(2) – F(1) =
4
5

3
5

−  = 1
5

	 f (3)	 =	 F(3) – F(2) 

		  =	
9

10
4
5

−  = 
9 8
10
−

 = 
1

10

		  f (4)	 =	 F(4) – F(3) =1 9
10

−  = 
1

10
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	 ∴ Ãfœjfî Ãiw¢ rh®ò

X 0 1 2 3 4

p(X = x)
1
2

1
10

1
5

1
10

1
10

	 (ii) p(x < 3) = p(x = 0) + p(x = 1) + p(x = 2)

			  = 
1
2

1
10

1
5

+ +  = 5 1 2
10

+ +  = 
8

10  = 
4
5

	 (iii) p(x ≥ 2) = p(x = 2) + p(x = 3) + p(x = 4)

	
		

= 
1
5

1
10

1
10

+ +
 
= 

2 1 1
10

+ +

 
= 

4
10  

= 
2
5

gÆ‰á 11.3

1.	 rkthŒ¥ò kh¿ X -Æ‹ Ãfœjfî ml®¤â 

rh®ò f (x) = 
kxe x

x

x- >
£

ì
í
ï

îï

2 0
0 0
,
,

 vÅš k -‹ 

kâ¥ig¡ fh©f.� [Mf°£ - 2021]

Ô®î : bfhL¡f¥g£l f(x) = 
kxe x

x

x- >
£

ì
í
ï

îï

2 0
0 0
,
,

	 bfhL¡f¥g£l rh®ò Ãfœjfî ml®¤â rh®ò  

Mjyhš f x( )dx
−
∫
¥

¥

	 ⇒	 k xe x−∫ 2

0

dx
¥

	 =	1	 ⇒ k ⋅ 1
2 2

!
( )

 = 1

			  [ x en ax−∫
0

¥

	 =	
n

an

!
+1 , ï§F a = 2, n = 1]

	 ⇒	
k
4 	 =	1 ⇒ k = 4

2.	 rkthŒ¥ò kh¿ X-Æ‹ Ãfœjfî ml®¤â 

rh®ò f (x) =
x x

x x

0 1
2 1 2

0

< <
- £ <

ì

í
ï

î
ï ãw kâ¥òfS¡F

(i)	 P(0.2 ≤ X < 0.6) 
(ii)	 P(1.2 ≤ X < 1.8) 
(iii)	 P(0.5 ≤ X < 1.5) M»at‰iw¡ fh©f.

Ô®î : bfhL¡f¥g£l f x
x x

x x( )
,

,
,

=
< <

- <
ì

í
ï

î
ï

0 1
2 1 2
0

£
ãw kâ¥òfS¡F

(i)	 P(0.2 ≤ X < 0.6)

		  =	 f x dx( )
.

.

0 2

0 6

∫ = x dx
0 2

0 6

.

.

∫ = x2

0 2

0 6

2




 .

.

		  =	
1
2

[(0.6)2 – (0.2)2] =
1
2

[0.36 – 0.04]

		  =	
1
2

[0.32] = 0.16

	 (ii)	 P(1.2 ≤ X < 1.8)

		  =	 f x dx( )
.

.

1 2

1 8

∫  = ( )
.

.

2
1 2

1 8

−∫ x dx

� [∵ 2 – x, 1 ≤ x < 2]

		  =	 2
2

2

1 2

1 8

x x−




 .

.

 = 2 1 8 1 8
2

2

( . ) ( . )−




  

� – 2 1 2 1 2
2

2

( . ) ( . )−






		  =	 3.6 – 3 24
2
.  – 2.4 + 1 44

2
.  

		  =	 3.6 – 1.62 – 2.4 + 0.72 = 0.3 
	 (iii)	 P(0.5 ≤ X < 1.5)

	 =	 f x dx( )
.

.

0 5

1 5

∫  = f x dx f x dx( ) ( )
.

.

0 5

1

1

1 5

∫ ∫+ 	

	 =	 x dx x dx
0 5

1

1

1 5

2
.

.

( )∫ ∫+ −  

	
=	

x x x2

0 5

1 2

1

1 5

2
2

2






+ −




.

.

	 =	
1
2

0 5
2

2 1 5 1 5
2

2 1
2

2 2

− + −






− −





( . ) ( . ) ( . )

	
=	

1
2

0 25
2

3 2 25
2

3
2

− + − −. .

	
=	

1 0 25 6 2 25 3
2

− + − −. .

 
= 

1 5
2
.

 
= 0.75.

3.	 xU ghš É‰gidaf¤âš ÉÅnah»¡f¥ 

gL« ghÈ‹ msî rkthŒ¥ò kh¿ X 

v‹f. Fiwªjg£r« 200 È£l®fŸ k‰W« 

mâfg£r« 600 È£l®fSl‹ Ãfœjfî 

ml®¤â rh®ò

	 f (x) = 
200 ≤ x ≤ 600 

0
kì

í
î ãw kâ¥òfS¡F

(i)	 k kâ¥ò fh©f.
(ii)	 gutš rh®ò fh©f.

(iii) 	 300 È£l®fŸ k‰W« 500 
È£l®fS¡»ilna âdrÇ É‰gid 

ïU¥gj‰fhd Ãfœjfî fh©f?
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Ô®î :bfhL¡f¥g£l f(x) = 
200 ≤ x ≤ 600 

0
kì

í
î ãw kâ¥òfS¡F

	 (i)   f(x) MdJ Ãfœjfî ml®¤â rh®ò Mjyhš

			  	 f x dx( )
−
∫
¥

¥

	 =	1	⇒ k dx
200

600

∫ = 1

			  ⇒	  k x[ ]200
600  	 =	1 ⇒ k(600 – 200) = 1

			  ⇒    	 400 k	 =	1

			  ⇒         	  k	 =	
1

400
	 (ii) �gutš rh®ò F(x) = p(X ≤ x) = f x dx

x

( )
−
∫
¥

	 x < 200 vÅš, F(x) = f x dx( )
- ¥
ò

200

 = 0
200

dx
−
∫
¥

 = 0

	 200 ≤ x ≤ 600 vÅš,

	
F(x) = f x dx( )

−
∫
¥

200

 + f x dx
x

( )
200
∫

	       = 0
200

200

dx k dx
x

−
∫ ∫+
¥

 = 0 + [ ]kx x
200

	       = kx – k(200) = 
x

400
200
400

−  = 
x

400
1
2

−

	
x > 600 vÅš,F(x) = 0dx

¥
ò

200

+ 
1

400
0

200

600

600

dx dx
x

+ò ò

= 
1

400200

600

dxò  = 1

	 ∴gutš rh®ò f x

x
x x

x

( )

,

,

,

=

<

-

>

ì

í
ïï

î
ï
ï

0 200

400
1
2

200 600

1 600

£ £

(iii) 	 P(300 < X< 500) = f x dx( )
300

500

∫

	 =	 k dx
300

500

∫
 
= 1

400 300
500[ ]x

	
=	 1

400
500 300[ ]−

 
= 200

400  
= 1

2

4.	 rkthŒ¥ò kh¿ X-Æ‹  Ãfœjfî ml®¤â 

rh®ò f x ke x

x

x

( ) ,
,

= >
£

ì
í
ï

îï

-
3 0
0 0

·vÅš

(i)	 k  kâ¥ò� [ãoV - 2]

(ii)	 gutš rh®ò

(iii)	 P(X < 3)� [ãoV - 2]

(iv)	 P(5 ≤ X)
(v)	 P(X ≤ 4) M»at‰iw¡ fh©f.

Ô®î :  bfhL¡f¥g£l f x ke x
x

x

( ) ,
,

= >
£

ì
í
ï

îï

-
3 0
0 0

vÅš

	 (i) f (x) MdJ Ãfœjfî ml®¤â rh®ò Mjyhš

			   f x dx( )
−
∫
¥

¥

	 =	 1

		  ⇒  	 k e dx
x

⋅
−

∫ 3

0

¥

	 =	 1 ⇒ k e
x−





−

3
0

1
3

¥

= 1

		  ⇒ 	 –3k[e–∞ – e0]	 =	 1
		  ⇒	 –3k[0 – 1]	 =	 1� [∵ e–∞ = 0, e0 = 1]

		  ⇒ 	 3k	 =	 1 ⇒ k = 
1
3

			   ∴ k	 =	
1
3

(ii)	� gutš rh®ò F(x) = p(X ≤ x) = f u du
x

( )
-
ò
¥

  

x < 0 vÅš,, F (x) = f x dx
x

( )
-
ò
¥

 = 0.  x > 0 vÅš,

		  f(x)	 =	 f x dx
x

( )
−
∫
¥

 

			   =	 f x dx f x dx
x

( ) ( )
−
∫ ∫+
¥

0

0

			   =	 0 + k e
xx −

∫ 3

0

dx

			   =	
1
3 1

3

3

0

⋅
−

















−

e
x x

 = –[ ]e e
x−

−3 0  

			   =	 − −
−

[ ]e
x
3 1  =	1 3−

−
e

x

		  ∴F(x)	 =	
0 0

1 03

,

,

x

e x
x

£

− >






−

	
(iii)	  p(X < 3) 

		
= ke dx

x
-

ò 3

0

3

 = 
1
3

3

0

3

e dx
x

-

ò = 
1
3 1

3

3

0

3

e
x−

−

















 

				    =	 –[e–1 – e0] = –[e–1 – 1]
				    =	 1 – e–1
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	 (iv)  	p(5 ≤ X)	 =	 p(X ≥ 5) = f x dx( )
5

¥

∫

				    =	 ke dx
x−

∫ 3

5

¥

 = 
1
3 1

3

3
5[ ]e

x−

−

¥

				    =	 − −−
−

[ ]e e¥
5

3  = − −
−

[ ]0
5

3e  

				    =	 e
−5
3

	
(v) 	 p(X ≤ 4)	 =	 f x dx( )

−
∫
¥

4

 

			   =	 f x dx f x dx( ) ( )
−
∫ ∫+
¥

0

0

4

			   =	 0 3

0

4

+
−

∫ ke dx
x

 = k e
x−

−

















3

0

4

1
3

			   =	
1
3 1

3

3
0
4[ ]e

x−

−
= − −

−

[ ]e e
4

3 0

			   =	 − −
−

[ ]e
4

3 1 = 1
4

3−
−

e

5.	 rkthŒ¥ò kh¿ X-Æ‹ Ãfœjfî ml®¤â 

rh®ò,

	  f (x) = 

x x

x x

+ - £ <
- + £ <

ì

í
ï

î
ï

1 1 0
1 0 1
0

,
,

ãw kâ¥òfS¡F

·vÅš

(i)	 gutš rh®ò F(x) 
(ii)	 P(−0.5 ≤ X ≤ 0.5) fh©f.

Ô®î : bfhL¡f¥g£l f (x) = 

x x
x x

+ - £ <
- + £ <

ì

í
ï

î
ï

1 1 0
1 0 1
0

,
,

ãw kâ¥òfS¡F

	 (i) gutš rh®ò

	 tiuaiw¥go gutš rh®ò

 	 F (x)	 =	 P (x ≤ x) = 
-¥
ò
x

f (x)dx

	 x ≤ – 1 vÅš F (x) = P [x ≤ x]

			   =	  
-¥
ò
x

f (x)dx =  
-¥
ò
x

0dx

	 – 1 ≤ x < 0vÅš F(x) = 
-¥

-

ò
1

 f (x)dx + 
-
ò
1

x

 f (x) dx

			   =	 0 + 
-
ò
1

x

(x + 1) dx = 
x x

x2

12
+

é

ëê
ù

ûú-

			   =	
x x

2

2
1
2

1+
æ

è
ç

ö

ø
÷ - -æ

è
ç

ö
ø
÷

			   =	
x2

2
 + x + 1

2

0 ≤ x < 1 vÅš F(x) = 
-¥

-

ò
1

 f (x)dx + 
-
ò
1

0

 f (x) dx + 
0

x

ò f (x)dx

			   =	 0 +
-
ò
1

0

 (x + 1) dx + 
0

x

ò (–x + 1)dx

			   =	
x x x x

x2

1

0 2

02 2
+

é

ëê
ù

ûú
+ -

+
é

ëê
ù

ûú-

			   =	 –
x2

2
 + x + 1

2

	 x ≥ 1 vÅš F(x)	 =	
-¥

-

ò
1

 f (x)dx +
-
ò
1

0

 f (x)dx 

			�    +  
0

1

ò  f (x)dx + 
1

¥

ò f (x)dx

			   =	 0 +
-
ò
1

0

 (x + 1) dx +
0

1

ò (–x + 1)dx

			   =	
x x x x

2

1

0 2

0

1

2 2
+

é

ëê
ù

ûú
+ -

+
é

ëê
ù

ûú-

			   =	 1
2

 + 1
2

 = 1

	 vdnt gutš rh®ò 

	

F(x) = 

0 1

2
1
2

1 0

2
1
2

0 1

1 1

2

2

, x

x x x

x x x

x

£ -

+ + - £ <

-
+ + £ <

³

ì

í

ï
ï
ï

î

ï
ï
ï

	 (ii) p(–0.5 ≤ X ≤ 0.5)

	
= f x dx( )

.

.

−
∫
0 5

0 5

 
= f x dx f x dx( ) ( )

.

.

−
∫ ∫+
0 5

0

0

0 5
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= ( )

.

x dx+
−
∫ 1
0 5

0

 
+ ( )

.

− +∫ x dx1
0

0 5

 

	
= x x x x

2

0 5

0 2

0

0 5

2 2
+







+ − +




− .

.

	 = 0 – 0 5
2

0 5 0 5
2

0 5
2 2. . ( . ) .−





 + − +





 – 0

	
= - -æ

è
ç

ö
ø
÷ +

-
+æ

è
ç

ö
ø
÷

0 25
2

0 5 0 25
2

0 5. . . .

	 = - + - +
0 25

2
0 5 0 25

2
0 5. . . .  = –0.25 + 1= 0.75

6.	 rkthŒ¥ò kh¿ X -Æ‹ gutš rh®¥ò F(x)    

	 F( )

,

( )

,

x

x

x x x

x

=

-¥ < <

+ £ <

£ < ¥

ì

í
ïï

î
ï
ï

0 0
1
2

0 1

1 1

2  vÅš

	 (i) Ãfœjfî ml®¤â rh®ò f(x)
� [ãoV - 4;Mf°£ - 2021 ]

	 (ii) P(0.3 ≤ X ≤ 0.6) M»at‰iw¡ fh©f.

Ô®î : bfhL¡f¥g£l F(x) = F( )

,

( )

,

x

x

x x x

x

=

-¥ < <

+ £ <

£ < ¥

ì

í
ïï

î
ï
ï

0 0
1
2

0 1

1 1

2

	 (i)	 Ãfœjfî ml®¤â¢ rh®ò

			�  F (x)-ï‹ bjhl®¢áíila òŸËfËš ‘x’I  
bghW¤J F (x)I tifÆl »il¥gJ,

			  f (x) = F′(x) = 

0 0
1
2

2 1 0 1

0 1

.

( ),

,

x

x x

x

<

+ £ <

£

ì

í
ïï

î
ï
ï

	 (ii) p(0.3 ≤ X ≤ 0.6) = f x dx( )
.

.

0 3

0 6

∫

	
= 

1
2

2 1
0 3

0 6

.

.

( )∫ +x dx  = 1
2

2
2

2

0 3

0 6
x x+





 .

.

	
= 1

2
2

0 3
0 6( ) .
.x x+

 
= 

1
2

[(0.62 + 0.6) – (0.32 + 0.3)]

	 = 
1
2

 [(.36 + .6) – (.09 + 0.3)]

	 = 
1
2

[0.96 – 0.39] = 
0 57

2
.

 = 0.285

gÆ‰á 11.4

1.	 Ñœ¡fhQ« xU rkthŒ¥ò kh¿ X-‹ Ãfœjfî 

Ãiw rh®òfS¡F ruhrÇ k‰W« gut‰go 

fh©f. 

(i)	 f (x) = 

1
10

2 5

1
5

0 1 3 4

x

x

=

=

ì

í
ïï

î
ï
ï

,

, , ,

(ii)	 f(x) = 4
6

1 2 3-
={ x

x , ,

(iii)	 f(x) = 
2 1 1 2

0
( )x x- < <<ì

í
î ãw kâ¥òfS¡F

� [ãoV - 5]

(iv)	 f(x) =
1
2

0

0

2e x
x

-
>

ì

í
ï

î
ï

,

,

 

ãw kâ¥òfS¡F

Ô®î :(i)  bfhL¡f¥g£l f (x) = 

1
10

2 5

1
5

0 1 3 4

, ,

, , , ,

x

x

=

=










x 0 1 2 3 4 5

f(x)
1
5

1
5

1
10

1
5

1
5

1
10

	 ∴ruhrÇ = E(x) = Σxf(x) = 0
1
5

æ
è
ç

ö
ø
÷ + 1

1
5

æ
è
ç

ö
ø
÷  +  

� 2
1

10
æ
è
ç

ö
ø
÷  + 3

1
5

æ
è
ç

ö
ø
÷

 
+ 4

1
5

æ
è
ç

ö
ø
÷  + 5

1
10

æ
è
ç

ö
ø
÷

 � = 1
5

1
5

3
5

4
5

1
2

+ + + + =
2 2 6 8 5

10
+ + + +

 = 23
10

 = 2.3

	 f(x2) = Σx2f(x)

	 = 02 1
5





  + 12

1
5





  + 22

1
10





  + 32

1
5





  + 42

�
1
5





  + 52

1
10







	
= 0 + 

1
5  

+
 

4
10  

+
 

9
5  

+
 

16
5  

+
 

25
10  

	 = 
2 4 18 32 25

10
+ + + +

 
= 

81
10

 = 8.1

	 gut‰go = E(X2) – [E(X)]2

	               = 8.1 – (2.3)2 = 8.1 – 5.29 = 2.81
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	 (ii) bfhL¡f¥g£l f (x) = 
4

6
− x ,  x = 1, 2, 3

	 f (x)	 =	
4 1

6
−

 
= 

3
6  

= 
1
2

	 f (2)	 =	
4 2

6
−

 
= 

2
6  

= 
1
3

	 f (3)	 =	
4 3

6
−

 
= 

1
6

	 ∴ Ãfœjfî Ãiw¢ rh®ò

x 1 2 3

f (x)
1
2

1
3

1
6

	 ruhrÇ	 =	 E(X) = Σxf (x)

	  	 =	 1
1
2





  + 2

1
3





  + 3

1
6







	  	 =	
1
2

2
3

3
6

+ +  = 3 4 3
6

+ +

		  =	 10
6

 = 
5
3

 = 1.67

	 E(x2) = Σx2f (x)	 =	 12 1
2





 + 22 1

3




  + 32 1

6






		  =	 1
2

4
3

9
6

+ +  = 3 8 9
6

+ + = 20
6

= 
10
3

 

	 var(X)	 =	 E(X2) – [E(X)]2

		  =	 10
3

5
3

2

− 



 = 10

3
25
9

−  

		  =	 30 25
9
−  = 5

9
 = 0.56

	 (iii) f (x) = 
2 1 1 2

0
( ),

,
x x- < <<ì

í
î ãw kâ¥òfS¡F

	 ruhrÇ = E(X)	 =	 f x dx( )
1

2

ò  = 2 1
1

2

( )x dx-ò

			   =	 2
3

2
2

1

2
x x-

é
ëê

ù
ûú

=
16
3

– 4 – 2
3

+ 1 = 
5
3

		  E(x2)	 =	 x f x dx2

1

2

( )∫

			   =	
1

2

ò  2x2 (x – 1)dx = x x4 3

1

2

4
2
3

-
é
ëê

ù
ûú

			   =	 8 16
3

1
2

2
3

17
6

- - + =

	 ∴Var(X)	 =	E(X2) – [E(X)]2

			   =	
17
6

 – 25
9

  = 51 50
18

1
18

-
=  

	 (iv) 	bfhL¡f¥g£l  f (x)=
1
2

0

0

2e x
x

-
>

ì
í
ï

îï

,

, ãw kâ¥òfS¡F

	 x f x dx⋅∫ ( )
0

¥

	 =	
1
2

2

0

x e dx
x

⋅
−

∫
¥

	 e x dxax n− ⋅



∫

0

¥

	 =	 n
an

!
+


1 = 

1
2

1
1

2

2×
−





!

		  =	 1
2

1
1
4

× =
1
2

4
1

×  = 2

	 E(X2)	 =	 x f x dx2

0

⋅∫ ( )
¥

= x e dx
x

2 2

0

1
2

⋅
−

∫
¥

		  =	
1
2

2 2x e dx
x

⋅
−

∫ =
1
2

2
1
2

3×






!
 

		  =	 1
2

2
1
8

×  = 1
2

 × 2 × 8 = 8

	 ∴Var(X)	 =	 E(X2) – [E(X)]2

		  =	 8 – 22 = 8 – 4 = 4
2.	 eh‹F át¥ò gªJfŸ k‰W« _‹W fU¥ò 

gªJfŸ bfh©l xU TilÆÈUªJ 

gâälhf ïlhJ mL¤jL¤J ïU gªJfŸ 

btËÆš vL¡f¥gL»‹wd. át¥ò gªJ 

btËÆš vL¡F« rh¤âa TWfis X 

v‹f. X-‹ Ãfœjfî Ãiw rh®igí« 

ruhrÇiaí« fh©f.

Ô®î :	 TWbtË = {4R, 3B}
	 X vL¡f¥g£l át¥ò gªJfË‹ v©Â¡if

	 X vL¤J¡ bfhŸS« kâ¥òfŸ 0, 1, 2
	 P(X = 0) = P(át¥ò gªJ ïšiy) 

			  =	  
3
7

2

2

C
C

 = 

3 2
2 1
7 6
2 1

×
×
×
×

 = 
1
7

	  P(X = 1)	=	 P(1 át¥ò gªJ) 

		 =	
3 4

7
1 1

2

C C
C
×

= 
12

7 6
2 1

×
×

= 12
21

 = 
4
7
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	 P(X = 2) 	=	 P(2 át¥ò gªJ) = 
4
7

2

2

C
C

 = 

4 3
2 1
7 6
2 1

×
×
×
×			  =	

12
7 6×

 = 
2
7

	 ∴ Ãfœjfî Ãiw¢ rh®ò

x 0 1 2

f (x)
1
7

4
7

2
7

		 E(X)	=	∑x . f (x) = 0 1
7







 + 1 4
7





  + 2

2
7





  

			 =	
4
7

4
7

+  = 8
7

3.	 μ k‰W« σ2 M»ait Kiwna jÅÃiy 

rkthŒ¥ò kh¿  X-‹ ruhrÇ k‰W« gut‰go 

k‰W« E(X + 3)=10 k‰W« E(X + 3)2 = 116 , 
vÅš μ k‰W« σ2 fh©f.� [ãoV - 1]

Ô®î :	 bfhL¡f¥g£l E(X + 3) = 10
	 ⇒			  E(X) + 3	 =	 10	 ⇒ E(X) = 7
	 ⇒			  μ	 =	 7� ...(1)
				    E(X + 3)2	 =	 116
	 E(X2 + 6X + 9)	 =	 116
	 E(X2) + 6E(X) + 9	 =	 116� [ E(9) = 9]
	 E(X2) + 6(7) + 9	 =	 116
	 E(X2) = 116 – 42 – 9	 =	 116 – 51
	 E(X2)	 =	 65� ...(2)
	 Var(X)	 =	 E(X2) – E(X)2

		  =	 65 – 72 = 65 – 49 = 16
	 ∴ μ	 =	 7 k‰W« s2 = 16.
4.	 eh‹F Óuhd ehza§fŸ xU Kiw 

R©l¥gL»‹wd. jiyfË‹ v©Â¡if 

ÃfœÉ‰F Ãfœjfî Ãiw rh®ò, ruhrÇ, 

k‰W« gut‰go fh©f.

Ô®î :	 X  v‹gJ jiyfË‹ v©Â¡ifia 

F¿¡»wJ.

	 X vL¤J¡ bfhŸS« kâ¥òfŸ 0, 1, 2, 3, 4.

	 p(X = 0) = p(jiy ïšiy) = p(TTTT) = 
1

16

� [∴ p(T) = 
1
2

, p(H) = 
1
2

]

	 p(X = 1) = p(1 jiy) = 4C1 × 
1

16  
= 

1
4

	
p(X = 2) = p(2 jiyfŸ) = 4C2 × 

1
16

= 
2

8

4 3
2 1

1
16

´
´

´    

				                      = 3
8

p(X = 3) = p(3 jiyfŸ) = 4C3 × 
1

16  = 4 1
16

×  = 
1
4

	
p(X = 4) = p(4 jiyfŸ) = 4C4 × 1

16
 = 

1
16

	 ∴Ãfœjfî Ãiw¢ rh®ò

x 0 1 2 3 4

f (x)
1

16
1
4

3
8

1
4

1
16

				    ∴ruhrÇ	 =	 E(X) = Σxf (x)

	 = 0
1

16




  + 1 1

4




  + 2 3

8




  + 3

1
4





  + 4

1
16







					     =	
1
4

3
4

3
4

1
4

+ + +  = 8
4

 = 2
	 E(X2) = Σx2f (x)
	

= 02
1

16




  + 12 1

4




  + 22 3

8




  + 32 1

4




  + 42 1

16






	 = 
1
4

3
2

9
4

1+ + +  = 
1 6 9 4

4
+ + +

 = 
20
4

 = 5

				    ∴ Var(X)	 =	 E(X2) – [E(X)]2

					     =	 5 – 22 = 5 – 4 = 1
5.	 xU gaÂfŸ ïuÆš x›bthU miu kÂ 

neu¤â‰F« xU Ãiya¤â‰F rÇahd 

neu¤âš tªJ nrU«. x›bthU ehŸ fhiy 

ÆY«, xU khzt® jdJ å£oÈUªJ 

ïuÆš Ãiya¤â‰F brš»wh®. khzt® 

uÆš Ãiya¤ij milí« neu¤âÈUªJ 

uÆY¡fhf fh¤âU¡F« neu¤ij X vd 

ÃÄl§fËš F¿¡fyh«. X -‹ Ãfœjfî 

ml®¤â rh®ò f (x) =

1
30

0 30

0

< <ì
í
ï

îï

x

ãw kâ¥òfS¡F
	 vÅš rkthŒ¥ò kh¿ X-‹ vâ®gh®¥ò 

kâ¥ig fÂ¤J És¡Ff.

Ô®î : bfhL¡f¥g£l  f (x) = 
1
30

0 30

0

< <ì
í
ï

îï

x

ãw kâ¥òfS¡F

	 ruhrÇ	=	 E(X) = x f x dx⋅∫ ( )
0

30

= x dx⋅∫
1
300

30

	 E(X)	=	 1
30 2

2

0

30
x





= 1
60

[302 – 02]= 1
60

(900)

		 E(X)	=	15 ÃÄl§fŸ
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K¡»a tiuaiwfŸ

�� * v‹w <UW¥ò¢ braiy S -ï‹ ÛJ ã‹tUkhW« tiuaW¡fyh«: ∀ a, b ∈ S, a * b , v‹gJ 

xUik¤j‹ik thŒªjJ, nkY« a * b ∈ S.  
�� x‹W mšyJ mj‰F nk‰g£l <UW¥ò¢ brašfis¥ bghU¤J VnjD« xU bt‰w‰w fz¤â‹ 

ÛJ tiuaW¡f¥g£lhš mJ ïa‰fÂj mik¥ò vd¥gL«. 

�� *: S × S → S;  mjhtJ *(a, b) = a * b ∈ S ï§F a * b v‹gJ X® cW¥ghF«. *-‹ Éisî 

v¥bghGJ« f©o¥ghf S -MdJ . *-‹ Ñœ milî bg‰WŸsJ vd¡ Twyh«. ï¥g©ig 

milî¥ g©ò v‹W TWt®. 

�� xU bt‰w‰w fz« S -‹ ÛJ <UW¥ò¢ braÈ *MdJ gÇkh‰W¤ j‹ikíilajhÆ‹ x›bthU 

a, b ∈ S -¡F« a * b = b * a  v‹gJ c©ikahf nt©L«.  
�� xU bt‰w‰w fz« S -‹ ÛJ <UW¥ò¢ braÈ *MdJ nr®¥ò¥ g©ò cilajhÆ‹  

a * (b * c) = (a * b) * c ∀ a, b ∈ S v‹gJ c©ikahf nt©L«.
�� * v‹w <UW¥ò¢ braÈÆ‹ Ñœ e ∈ S v‹gJ S -‹ rkÅ cW¥ò vÅš ∀ a ∈ S, a * e, = a k‰W« 

e* a = a v‹gij Ãiwî brŒí«. 
�� S -š e vD« xU rkÅ cW¥ò ïUªjhš∀ a ∈ S, ∈ b ∈ S, b * a = e k‰W« b * a = e  vÅš,  b ∈ S 

v‹gJ a -‹ ne®khW cW¥ò mšyJ vâ®kiw cW¥ò vd¥gL«. ïij eh« b = a–1 vd vGjyh«. 

�� A k‰W« B-‹ ïiz¥ò A ∨ B = [aij] ∨ [bij] = [aij ∨ bij] = [cij] ï§F cij =
1 1 1
0 0 0

a b
a b

ij ij

ij ij

= =
= =

ì
í
î  

mšyJ
k‰W«

�� A k‰W«◘ B-‹ rªâ¥òA ∧ B = [aij] ∧ [bij] = [cij] ï§F cij =
1

0




aij  = 1 k‰W« bij  = 1
aij  = 1 mšyJ bij  = 1

�� n - ‹ k£L¡F T£lš

	 a, b ∈ Zn·v‹f. ãwF  a + bI n Mš tF¡f »il¡F« Ûâ a +nb.
�� n - ‹ k£L¡F bgU¡fš

	 a, b ∈ Zn v‹f. ãwF a × b I n Mš tF¡f »il¡F« Ûâ a ×nb
�� xU T‰iw mj‹ T£L¡ T‰WfË‹ bkŒ kâ¥ig bghU£gL¤jhkš “bkŒk«” vd¡ 

Twnt©Lkhdhš mj‹ bkŒkâ¥ò všyh ÃiyÆY« T Mf ïU¡f nt©L«. ïij T vd¡ 

F¿¥ãLt®.

�� xU T‰iw mj‹ T£L¡ T‰WfË‹ bkŒ kâ¥ig¥ bghU£gL¤jhkš “Ku©ghL” vd¡ Tw 

nt©Lkhdhš mj‹ bkŒkâ¥ò v¥bghGJ« F Mf ïU¡fnt©L«. ïij F vd¡ F¿¥ãLt®. 
�� xU T‰W thŒgh£oDila ïUik MdJ ∧,∨, T M»aitfS¡F Kiwna ∧,∨, F fis 

gâÈLtj‹ _y« bgw¥gL»wJ. X® ïUik MdJ T (tautology / bkŒk«) ¡F gâyhf F Ií«,  
(contradiction / Ku©ghL)-¡F¥ gâyhf T Ií« gâÈLtj‹ _y« bgw¥gL»wJ.

m¤âaha«

12

jÅÃiy¡ fÂj«

413
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ÃidÉš bfhŸs nt©oa N¤âu§fŸ

�� A k‰W« B v‹»w ïu©L T£L¡ T‰WfË‹ bkŒik m£ltizfË‹ filá ÃušfŸ xnu  

khâÇahd bkŒ kâ¥òfis¥ bg‰¿U¥ã‹ mit j®¡f rkhdkhdit vd¥gL«. ïjid A ≡ B 

mšyJ A⇔ B v‹w F¿p£lhš F¿¥ãLt®.

�� rkhdkhditfË‹ áy ÉâfŸ

1.  j‹dl¡f ÉâfŸ: (i) p ∨ q ≡ p (ii) p ∧ q ≡ p
2.  gÇkh‰W ÉâfŸ : (i) p ∨ q ≡ q ∨ p (ii) p ∧ q ≡ q ∧ p
3.  nr®¥ò ÉâfŸ : (i) p ∨ (q ∨ r) ≡ (p ∨ q) ∨ r (ii)  p ∧ (q ∧ r) ≡ (p ∧ q) ∧ r
4.  g§Ñ£L ÉâfŸ: (i) p ∨ (q ∧ r) ≡ (p ∨ q) ∧ (p ∨ r) (ii) p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r)

5.  rkÅ ÉâfŸ: (i) p ∨ T ≡ T k‰W« p ∨ 𝔽 ≡ p (ii) p ∧ T ≡ p k‰W«  p ∧ 𝔽 ≡ p

6.  Ãu¥ò ÉâfŸ : (i) p ∨ ¬ p ≡ T k‰W« p ∧ ¬ p ≡ 𝔽 (ii) ¬ T ≡ 𝔽 k‰W«  ¬ 𝔽 ≡ T
7.  cl‰RH‰á Éâ mšyJ ïu£il kW¥ò Éâ  ¬ (¬ p) ≡ p
8.  O kh®fÅ‹ ÉâfŸ: (i) ¬  (p ∧ q) ≡ ¬ p ∨ ¬ q (ii) ¬(p ∨ q) ≡ ¬ p ∧ ¬ q
9.  <®¥ò ÉâfŸ: (i) p ∨ (p ∧ q) ≡ p (ii) p ∧ (p ∨ q) ≡ p

�� kW¥ã‹ bkŒik m£ltiz ∼

p ¬p
T F
F T

�� k‰W« AND (∧) v‹gj‰FÇa ïizaÈ‹ 

bkŒik m£ltiz

p q p ∧ q
T T T
T F F
F T F
F F F

�� mšyJ R(∨) v‹gj‰FÇa ãÇ¥ãizÉ‹ 

bkŒik m£ltiz

p q p ∨ q
T T T
T F T
F T T
F F F

�� p → q -‹ bkŒik m£ltiz (Ãgªjid¡ 

T‰W)

p q p → q
T T T
T F F
F T T
F F T

�� p ↔ q-‹ bkŒik m£ltiz (ïU 

Ãgªjid¡ T‰W)

p q p ↔ q
T T T
T F F
F T F
F F T

�� p ∨– q-‹ bkŒik m£ltiz

p q p ∨– q
T T F
T F T
F T T
F F F
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gÆ‰á 12.1

1.	 ÑnH bfhL¡f¥g£LŸs fz§fË‹ ÛJ  
tiuaW¡f¥g£oU¡F« * X® <UW¥ò¢ 

braÈah vd¤ Ô®khÅ¡f .

(i)	  -‹ ÛJ a*b = a.|b|
(ii)	 A ={1, 2, 3, 4, 5} -‹ ÛJ a*b = (a, b) -š 

á¿aJ.

(iii)	  -‹ ÛJ (a*b) = a b  
Ô®î :	 (i)	 -‹ ÛJ a*b = a.|b|
		  	bfhL¡f¥g£l R -‹ ÛJ a * b = a . |b| 
		  a, b ∈ R  v‹f

			  ãwF a *b	 =	 a . |b| ∈ R. 
			  Mjyhš a . |b|	 =	 ab, b > 0 vÅš

				   =	 –ab, b < 0·vÅš

			  ∴ a * (b)	 =	 a . |b| ∈ R
			�  M« * MdJ R-‹ Ûjhd X® <UW¥ò¢ 

braÈ MF«.
	 (ii)	� A ={1, 2, 3, 4, 5} -‹ ÛJ a*b = (a, b) -š 

á¿aJ.

			  a, b ∈ A·v‹f

		 ãwF (a, b) -š á¿aJ.	 =	 a mšyJ b k‰W« 
� a, b ∈ A
		  ∴ a * b	 =	 (a,b)-š á¿aJ ∈ A
		� M« * MdJ R-‹ Ûjhd X® <UW¥ò¢ braÈ 

MF«.
	 (iii)	 -‹ ÛJ (a*b) = a b

		  a, b ∈ R·v‹f

	 [∴ Fiw·v©fË‹ t®¡f _y« R-š◘ ïšiy]
		  a * b	 =	 a b ∉ R, b < 0·vÅš

	� vdnt* MdJ R-‹ Ûjhd <UW¥ò¢ braÈ 

mšy. 

2.	  -‹ ÛJ ⊗ v‹w braÈ ã‹tUkhW 

tiuaW¡f¥g£LŸsJ.  (m ⊗ n) = mn + nm : ∀m,  

n ∈ . *MdJ -‹ ÛJ milî¥ g©ig 

bg‰WŸsjh?� [ãoV - 3]

Ô®î :	 	bfhL¡f¥g£l m ⊗ n = mn + nm ∀ m, n ∈ Z
		  m, n ∈ Z v‹f.

		  m	=	 –3, n = 2 vd¡ bfhŸf.

		  ∴ m ⊗ n	=	 (–3)2 + 2–3 

			  =	 9 + 
1
8

 = 
72 1

8
+

 =
73
8  ∉ Z

	 ∴ ⊗ MdJ, Z-‹ ÛJ milî bgwÉšiy.

3.	  -‹ ÛJ *MdJ (a*b) = a + b + ab − 7 vd 

tiuaW¡f¥g£lhš * ; - ‹ ÛJ milî 

bg‰WŸsjh? m›thbwÅš, 3* 7
15
−





fh©f.� [ãoV - 2]

Ô®î :	 bfhL¡f¥g£l a * b = a + b + ab – 7M»ait 
a + b, ab, – 7 bkŒba©fŸ k‰W« ït‰¿‹ 

TLjY« bkŒba©fŸ MF«. vdnt * X® 

<UW¥ò¢ braÈahF«.

				   3 * 
−





7
15

	 =	 3 7
15

3 7
15

7
1

5

− + −





−

� [ï§F◘a = 3, b = 
−7
15 ]

				    =	 3 7
15

21
15

7− − −  

			   =	
45 7 21 105

15
− − −

= 
−88
15

		
	 ∴ 3 7

15
* −





	 =	
−88
15

4.	 A = { + 5 : }a b a,bŒŒZ v‹f. tH¡fkhd 

bgU¡fš A -‹ ÛJ X® <UW¥ò¢ braš 

MFkh vd gÇnrhâ¡f.� [ãoV - 5]
Ô®î :		bfhL¡f¥g£l A = {a + 5 b, a, b ∈ z}
		  C	 =	 a + 5 b v‹f 
		  B 	=	 c + 5 d ∈ A 
	 ï§F a, b, c, d ∈ Z
		  ∴ C.B	 =	 (a + 5 b) . (c + 5 d)
	 		  =	 ac + 5 ad + cb 5  + 5 bd
			   =	 (ac + 5 bd) + 5  (ad + bc) ∈ A
� [∵ ac + 5 bd ∈ Z k‰W« ad + bc ∈ Z]
	 ∴ C . B ∈ A ∀ a, b, c, d, ∈ Z
	 ∴ tH¡fkhd bgU¡fš A-‹ ÛJ X® <UW¥ò¢ 

braÈ MF«.

5.	 (i)	� ∗v‹w X® <UW¥ò¢ braÈ  -‹ 

ÛJ ã‹tUkhW tiuaW¡f¥ 

gL»wJ. ïªj ∗MdJ, milî¥ 

g©ò, gÇkh‰W¥ g©ò, 

nr®¥ò¥ g©ò M»at‰iw 

Ãiwî brŒ»wjh vd¢ nrhâ¡f 

a*b = 
a + b

2




 ; ∀a, b ∈ . �[Mf°£ - 2021]
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(ii)	 *MdJ, rkÅ¥ g©ò k‰W« 

vâ®kiw¥ g©ò M»ait,  -‹ 

ÛJ c©ikahFkh vd¢ nrhâ¡f. 

a*b = a + b

2




 ; ∀a, b ∈ .

Ô®î :	 bfhL¡f¥g£l a * b = a b+
2

 ∀a, b ∈ .

(i)	 milî¥ g©ò :

		  a, b ∈  v‹f.
			 

∴ a * b	 =	 a b+
2

 ∈ 

� [∵ T£lš k‰W« bgU¡fš -š milî¥ g©ò 

� bg‰WŸsJ]
		  -š *milî¥ g©ò bg‰WŸsJ.

(ii)	 gÇkh‰W¥ g©ò

	 a, b ∈  v‹f.

	 ãwF a * b	=	
a b+

2
 = 

b a+
2

 = b * a

		  ∴ a * b	 =	 b * a    ∀a, b ∈ 

	 ∴ ïš * gÇkh‰W¥ g©òilajhF«.

	 nr®¥ò¥ g©ò

	 a, b, c ∈  v‹f

	 a * (b * c)	 =	 (a * b) * c
	 a	 =	 2, b = 3, c = –5 v‹f

	 ∴a * (b * c)	 =	 2 * (3 * –5)

				   =	 2 * 
3 5

2
−





				   =	 2 * (–1) = 2 1
2

+ −( )

				   =	
1
2

� ....(1)

			 ï§F (a * b) * c	 =	 (2 * 3) * (–5)

				   =	
2 3

2
+



  * (–5) 

				   =	
5
2

 * –5 = 

5
2

5

2

+ −( )

				   =	
5 10

4
−

 = 
−5
4

� ...(2)

	 (1) k‰W« (2)ÈUªJ, a * (b * c) ≠ (a * b) * c
	 ∴ Q ïš * nr®¥ò¥ g©ò ïšiy.

	 (ii) 	bfhL¡f¥g£l a * b =
a b+

2 , ï§F a, b ∈ Q
			  a, b ∈ Q v‹f.

			�  a * e = e * a = a v‹w cW¥ig ã‹tUkhW 

fhz nt©L«.

			  a	 =	 5·v‹f, ãwF 5 * e = 5 

	 ⇒ 	 5
2
+ e 	 =	 5 ⇒ 5 + e = 10

			  a	 =	
2
3

·v‹f. ãwF 2
3

 * e = 
2
3

 

	 ⇒	

2
3

2

+ e
	 =	

2
3

	 ⇒	 2
3

 + e	 =	
4
3

 ⇒e = 
4
3

2
3

−  = 
2
3

	 rkÅ cW¥ò x›bthU cW¥ò¡F« khWtjhš, 
Q-Éš rkÅ cW¥ò ïšiy

	 ∴ * ¡F Q -Éš rkÅ g©ò ïšiy.
	 ∴ * ¡F Q -Éš vâ®kiw g©ò ïšiy.

vdnt rkÅ k‰W« vâ®kiw g©ò <UW¥ò 

braÈ * ¡F ïšiy.	

6.	 * v‹w <UW¥ò¢ braÈ MdJ A = {a, b, c} 
v‹w fz¤â‹ ÛJ gÇkh‰W Éâ¡F 

f£L¥g£lhš ã‹tU« g£oaiy¥ ó®¤â 

brŒf.

* a b c
a b
b c b a
c a c

Ô®î :	 	A ïš bfhL¡f¥g£l * gÇkh‰W g©òilaJ

	 bfhL¡f¥g£l b * a = c ⇒ a * b = c
	 bfhL¡f¥g£l c * a = a ⇒ a * c = a
	 bfhL¡f¥g£l b * c = a ⇒ c * b = a
	 vdnt

* a b c
a b c a
b c b a
c a a c

7.	 A = {a, b, c, d} v‹w fz¤â‹ ÛJ * v‹w 

<UW¥ò¢ braÈia ã‹tU« g£oaYl‹ 

fUJf.

* a b c d
a a c b d
b d a b c
c c d a a
d d b a  c

ïJ kh‰W¥g©ò k‰W« nr®¥ò¥ 

g©òfis¥ bg‰WŸsjh?
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Ô®î :	 bfhL¡f¥g£l A = {a, b, c, d} k‰W« * 
ã‹tUkhW tiuaW¡f¥gL»wJ.

* a b c d
a a c b d
b d a b c
c c d a a
d d b a c

	 m£ltizÆÈUªJ

	(i)	 a * b = c k‰W« b * a = d
		 ⇒	 A ïš * gÇkh‰W g©ig bgwÉšiy.
	(ii)	 a * (b * c) = (a * b) * c·v‹gij rÇgh®¡f

		 ⇒ 	 a * (b) = c * c
		 ⇒	 c ≠ a
	∴ A ïš * MdJ nr®¥ò g©ig Ãiwî 

brŒaÉšiy.

8.	 A
1 0 1
0 1 0
1 0 0

0
1
1

,B
0 1 0
1 0 1
1 0 0

1
0
1

,== ==




























	 C
1 1 0
0 1 1
1 1 1

1
0
1

==














·v‹gitfŸ xnu khâÇahd 

tifÆid cila VnjD« _‹W óÈa‹ 

mÂfŸ vÅš,

(i) 	 A∨B 	 (ii)	 A∧B 

(iii)	 (A∨B)∧C 	 (iv)	(A∧B)∨C 
M»aitfis¡ fh©f.

Ô®î :	 bfhL¡f¥g£l A = 
1 0 1 0
0 1 0 1
1 0 0 1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

,  

B = 
0 1 0 1
1 0 1 0
1 0 0 1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

 k‰W« C =
1 1 0 1
0 1 1 0
1 1 1 1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

	 (i) A ∨ B= 
1 0 1 0
0 1 0 1
1 0 0 1















 ∨ 
0 1 0 1
1 0 1 0
1 0 0 1















 

	

= 
1 0 0 1 1 0 0 1
0 1 1 0 0 1 1 0
1 1 0 0 0 0 1

∨ ∨ ∨ ∨
∨ ∨ ∨ ∨
∨ ∨ ∨ ∨1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

= 
1 1 1 1
1 1 1 1
1 0 0 1















�

[∵ a ∨ b = (a, b) á¿aJ]

	 (ii) A ∧ B

	

=

 

1 0 1 0
0 1 0 1
1 0 0 1















 ∧ 
0 1 0 1
1 0 1 0
1 0 0 1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

	 = 
1 0 0 1 1 0 0 1
0 1 1 0 0 1 1 0
1 1 0 0 0 0 1

∧ ∧ ∧ ∧
∧ ∧ ∧ ∧
∧ ∧ ∧ ∧1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

= 
0 0 0 0
0 0 0 0
1 0 0 1

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

� [∵ a ∧ b = (a, b) á¿aJ]
	 (iii)	 (A ∨ B) ∧ C
			  (1) ÈUªJ,

	

1 1 1 1
1 1 1 1
1 0 0 1















 

∧

 

1 1 0 1
0 1 1 0
1 1 1 1















 =

 

1 1 0 1
0 1 1 0
1 0 0 1















	 (iv)	 (A ∧ B) ∨ C
			  (ii) ÈUªJ

			

0 0 0 0
0 0 0 0
1 0 0 1















 

∨

 

1 1 0 1
0 1 1 0
1 1 1 1















  

			  (A ∧ B) ∨ C = 
1 1 0 1
0 1 1 0
1 1 1 1















9.	 (i)	� M : {0}== ŒŒ
x x

x x
x

æ

è
ç

ö

ø
÷

ì
í
ï

îï

ü
ý
ï

þï
 - v‹f.

		�  * v‹gJ mÂ¥ bgU¡fš vd¡ bfhŸf. 

*MdJ M -‹ ÛJ milî bg‰WŸsjh 

vd¤ Ô®khÅ¡f. m›thbwÅš,  

* MdJ M -‹ ÛJ gÇkh‰W¥ g©ò, 

nr®¥ò¥ g©òfisí« Ãiwî brŒíkh 

vd¢ nrhâ¡f.

(ii)	 M : {0}== ŒŒ
x x

x x
x

æ

è
ç

ö

ø
÷

ì
í
ï

îï

ü
ý
ï

þï
 - * v‹gJ 

mÂ¥ bgU¡fš vd¡ bfhŸf. *MdJ 

M -‹ ÛJ milî bg‰WŸsjh 

vd¤ Ô®khÅ¡f. m›thbwÅš,  

* MdJ M -‹ ÛJ rkÅ¥g©ò, k‰W« 

vâ®kiw¥ g©òfis Ãiwî brŒíkh 

vdî« nrhâ¡f.

Ô®î :	 milî¥g©ò :

	 (i) 	bfhL¡f¥g£l M = M ==
x x
x x

æ

è
ç

ö

ø
÷ Î -

ì
í
ï

îï

ü
ý
ï

þï
: { }x R 0

k‰W« * v‹gJ mÂ bgU¡fš
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gâî v©

fhy msî : 3.00 kÂ neu« ]	        fÂjÉaš (ÉilfSl‹)	 [ bkh¤j kâ¥bg©: 90

muR Jiz¤nj®î - Mf°£ - 2021
PART - III

12
M« tF¥ò

m¿îiufŸ:	(1)	� mid¤J Édh¡fS« rÇahf¥ gâth» cŸsjh v‹gjid¢ rÇgh®¤J¡ bfhŸsî«. m¢R¥gâÉš 

FiwÆU¥ã‹, miw¡ f©fhÂ¥ghsÇl« cldoahf¤ bjÇÉ¡fî«.

	 (2)	� Úy« mšyJ fU¥ò ikÆid k£Lnk vGJtj‰F«, mo¡nfhoLtj‰F« ga‹gL¤j nt©L«. 

gl§fŸ tiutj‰F bg‹áš ga‹gL¤jî«.

431

gFâ - I
F¿¥ò: (i) �mid¤J Édh¡fS¡F« ÉilaË¡fî«.

	 (ii)	�bfhL¡f¥g£LŸs kh‰W ÉilfËš 

Äfî« V‰òila Éilia¤ nj®ªbjL¤J¡ 

F¿p£Ll‹ ÉilÆidí« nr®¤J vGjî«. 

(20 × 1 = 20)

1.	 bkŒ v©fË‹ fz« -‹ ÛJ ‘∗’ ã‹tUkhW 

tiuaW¡f¥gL»wJ vÅš, Ñœ¡fh©gitfËš vJ 

-‹ ÛJ <UW¥ò¢ braÈ mšy? 
	 (1)	 a∗b = a		  (2)	 a∗b = min (a.b) 
	 (3)	 a∗b = ab		  (4)	 a∗b = max (a,b)

2.	 sin–1 1
2

æ
è
ç

ö
ø
÷  + cos–1 1

2
æ
è
ç

ö
ø
÷  -‹ kâ¥ò :

	 (1)	 0	 (2)	 p
2

	 (3)	 p
3

	 (4)	 p

3.	 P(x, y) v‹w òŸË, FÉa§fŸ F1(3,0) k‰W« F2(–3,0) 
bfh©l T«ò tisî 16x2 + 25y2 = 400-‹ ÛJŸs 

òŸË vÅš PF1 + PF2-‹ kâ¥ò:

	 (1)	 10 	 (2)	 8	 (3)	 12	 (4)	 6

4.	 i j i j i j k� � � � � � �+ + + +, ,2 p  v‹w bt¡l®fis xU òŸËÆš 

rªâ¡F« ÉË«òfshf¡ bfh©l ïizfu¤ â©k¤â‹ 

fd msî:

	 (1)	 p	 (2)	
π
2 	 (3)	

π
4

	 (4)	
π
3

5.	 sin7

0

2
x dx

π

∫  = 

	 (1)	
π
2

			   (2)	 cos7

0

2
x dx

π

∫
	 (3)	 0			   (4)	 1

6.	 1, 2, 3, 4, 5, 6 v©Âl¥g£l mWg¡f gfilí«, 

1, 2, 3, 4 vd v©Âl¥g£l eh‹F g¡f gfilí« 

nrhoahf cU£l¥g£L ïu©L« fh£L« v©fË‹ 

T£lš bjhif Ô®khÅ¡f¥gL»wJ. ïªj T£liy¡ 

F¿¡F« rkthŒ¥ò kh¿ X vÅš, TLjš 7-‹ 

ne®khW ã«g¤â‹ cW¥òfË‹ v©Â¡if :

	 (1)	 3 	 (2)	 1 	 (3)	 4 	 (4)	 2
7.	 A, B k‰W« C v‹gd ne®khW fhz¤j¡fthW 

VnjDbkhU tÇirÆš cŸs mÂfŸ vÅš 

ã‹tUtdt‰¿š vJ c©ikašy?

	 (1)	 det A–1 = (det A)–1	

	 (2)	 adj A = |A|A–1

	 (3)	 (ABC)–1 = C–1B–1A–1 

	 (4)	 adj (AB) = (adj A) (adj B)

8.	 r i j k
�
� � �. 2 - +( )l  = 3 k‰W« r i j k

�
� � �. 4 + -( )m

=  5 M»a js§fŸ ïiz vÅš, λ k‰W« μ -‹ 

kâ¥òfŸ Kiwna:

	 (1)	 – 1
2

, –2			   (2)	 1
2

, – 2

	 (3)	 1
2

, 2 				    (4)	 – 1
2

, 2

9.	 xU fd rJu¤â‹ g¡f msî 4 br.Û k‰W« mj‹ 

ãiH 0.1 br.Û. vÅš fd msî fz¡Ñ£oš V‰gL« 

ãiH (fd br.Û£lÇš) :

	 (1)	 2	 (2)	 0.4 	 (3)	 4.8	 (4)	 0.45

10.	 f(x) = 
1

12
, a < x < b vD« rh®ò xU bjhl®¢áahd 

rkthŒ¥ò kh¿ X-‹ Ãfœjfî ml®¤â rh®ãid¡ 

F¿¡»wJ vÅš, ã‹tUtdt‰WŸ vJ a k‰W« b 

-‹ kâ¥òfshf ïU¡f ïayhJ?

	 (1)	 7 k‰W« 19		 (2)	 0 k‰W« 12
	 (3)	 16 k‰W« 24	 (4)	 5 k‰W« 17
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11.	
dy
dx

 + P(x)y = 0 -‹ Ô®î :

	 (1)	 x = ce– ∫pdy		  (2)	 y = ce∫pdx 
	 (3)	 x = ce∫pdy 		  (4)	 y = ce– ∫pdx

12.	 t v‹w fhy¤âš xU efU« ‘t’ JfË‹ Ãiy s(t) = 5t2 
−2t − 8 vd¡ bfhL¡f¥g£LŸsJ. JfŸ XŒî Ãiy¡F 

tU« neu« :

	 (1)	 1	 (2)	  0	 (3)	 3 	 (4)	
1
3

13.	
3 1
5 2









  -‹ ne®khW :

	 (1)	
3 1
5 3

−
− −









 		 (2)	

2 1
5 3

−
−









 	

	 (3)	
−

−










3 5
1 2

		 (4)	
−

−










2 5
1 3

14.	 f(x) = x2, v‹w rh®ò [0, ∞) v‹w ïilbtËÆš :

	 (1)	 fz¡»l ïayhJ

	 (2)	 VW« rh®ò	
	 (3)	 VW« k‰w« ïw§F« rh®ò

	 (4)	 ïw§F« rh®ò

15.	 sin cos2

2

2
x x dx

-

ò
p

p

 -ï‹ kâ¥ò :

	 (1)	 0	 (2)	 3
2

	 (3)	 2
3

	 (4)	 1
2

16.	 x3+ 64 -‹ xU ó¢áakh¡» :

	 (1)	 4i 	 (2)	 0 	 (3)	 – 4 	 (4)	 4

17.	
( ) ( )x y− − +1

16
1

25

2 2
 = 1 v‹w mâgutisa¤â‹ 

ika« :

	 (1)	 1
2

1
2

,−





		  (2)	 (–1, 1)

	 (3)	 (1, – 1)		  (4)	 (0, 0)

18.	 d y
dx

dy
dx

x
2

2

1
3

1
4+ æ

è
ç

ö
ø
÷ + = 0 v‹w tif¡bfG rk‹gh£o‹ 

tÇir k‰W« go :

	 (1)	 2, 6		   	 (2)	 2, 3 
	 (3)	 2, 4 			   (4)	 3, 3
19.	 |z| = 1, vÅš 1

1
1

1 1
+
+

=
+

+
z
z

z
z/

 -‹ kâ¥ò :

	 (1)	
1
z

	 (2)	 z 	 (3)	 1 	 (4)	 z

20.	 fy¥bg© (i25)3 -ï‹ kâ¥ò :

	 (1)	 1	 (2)	 i	 (3)	 – i	 (4)	 –1

gFâ - II
F¿¥ò: �vitnaD« VG Édh¡fS¡F ÉilaË¡fî«. 

mt‰¿š Édh v© 30 -¡F f£lha« ÉilaË¡f 

nt©L«.� (7 × 2 = 14)

21.	 z = (2 + 3i) (1 – i) vÅš z –1 = 
5
26

1
26

- i  vd 

ÃWîf.

22.	 x2 – 5x + 6 = 0 v‹w rk‹gh£o‹ _y§fŸ α  k‰W« 

β vÅš α2 – β2 = ± 5 vd Ã%ã¡fî«.

23.	 x  - ‹ v«kâ¥ã‰F sinx = sin–1x MF«?

24.	 2 3 2 2i j k i j k� � � � � �+ + - +,  k‰W« 3 3i j k� � �+ + v‹w 

_‹W bt¡l®fŸ xU js bt¡l®fŸ vd Ã%ã¡fî«.

25.	 lim
x

x

m
e
x→∞







= ∞ vd Ã%ã¡fî«. (ï§F m v‹gJ X® 

Äif KG v©)

26.	 g(x) = x2 + sin x vÅš dg -I¡ fh©f.

27.	
dy
dx

y
x

=
-
-

1
1

2

2 v‹gj‹ Ô®î sin–1y = sin–1 x + C 

mšyJ sin–1x = sin–1 y + C vd ÃWîf.

28.	 rkthŒ¥ò kh¿ X -‹ gutš rh®ò  

F(x):F(x)=F( )

,

( )

,

x

x

x x x

x

=

-¥ < <

+ £ <

£ < ¥

ì

í
ïï

î
ï
ï

0 0
1
2

0 1

1 1

2
vÅš mj‹ 

Ãfœjfî ml®¤â rh®ò  

f(x) = 
1
2

2 1 0 1

0

( ) ;x x+ ≤ <


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29.	 rkthŒ¥ò kh¿ X-Æ‹ Ãfœjfî ml®¤â rh®ò f(x) = 
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30.	 y = A sin x, (A v‹gJ vnj¢ir kh¿È) v‹gj‹ 

tif¡bfG¢ rk‹ghL y = y′ tanx vd¡ fh£Lf.
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